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TRIGONOMETRY RETOLD 
(An Expostrory ARTICLE) 
By S. PARAMESWARAN 


Trigonometry, like most abstract sciences, has both an operational side and 
& quantitative side. The customary discussion is mainly quantitative, based 
as it is on the concept of the radian and the definition of sine and cosine as 
ratios of the sides of a right-angled triangle. The operational side has 
been touched upon by V. Naylor in his * Note on the Nature of Trigo- 
nometry (1). Starting with the hypothesis that a function A(x) exists 
which has the property 
A(x). A(y) =A(x+y); AO) De cage atnaad nemeuen tae (A) 
and introdveing two functions f(a) and ¢(x) defined by the relation 
A(x) f(a } +7d(x), 


Naylor has derived certain results which can be looked upon as generalised 
trigonometrical formulae, for if we specialise f and ¢ as cosine and sine, the 
results established turn out to be the standard results in circular functions. 
The hypothesis (A) is equivalent to 
f(x +y) =f(x) -f( )- (x) - d(Y),) 
d(x +y) = (2x) f(y) +f (x) - O(Y), f sah tk etn sleds lace anal (B) 
f(9)=1, 4(0)=90. 
The purpose of this note is to show that, with the assumption of a single 
equation (C) inf and 4, all the results in the aforesaid ‘‘ Note ’’ can be derived. 
Further, assuming f and ¢ to be differentiable functions their values can be 


determined. 
SEecTIon I 


Let f and ¢ be non-constant real functions such that, always 


S(z —Yy) =f (Z) -F(Y) +P(Z) - PLY). -cccecsccrccecsscceecees (C) 
From the symmetric roles played by x and y in (C) it follows that : 
TS iW Gir CVOR GUCUION. esis seccc cscs iscsescssesees .(i) 
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TRIGONOMETRY RETOLD 
(An Exposrrory ARTICLE) 
By 8S. PaRaMESWARAN 


Trigonometry, like most abstract sciences, has both an operational side and 
@ quantitative side. The customary discussion is mainly quantitative, based 
as it is on the concept of the radian and the definition of sine and cosine as 
ratios of the sides of a right-angled triangle. The operational side has 
been touched upon by V. Naylor in his “ Note on the Nature of Trigo- 
nometry ’’ (1). Starting with the hypothesis that a function A(z) exists 
which has the property 

A(z). Ay) =A(w@+y); A(O)=1, 
and introducing two functions {(z) and ¢(x) defined by the relation 
A(z) =f(z) +¢(z), 
Naylor has derived certain results which can be looked upon as generalised 
trigonometrical formulae, for if we specialise f and ¢ as cosine and sine, the 
results established turn out to be the standard results in circular functions. 

The hypothesis (A) is equivalent to 

f(z +y) =f (2) -f(') — $(@) - dy), 
o(z +y)=$(z) f(y) +f(2) - (y), \ 
f(0)=1, (0) =0. 

The of this note is to show that, with the assum assumption of a single 
equation ( dias hen fod Parades amb ee a can be derived. 

Further, assuming f and ¢ to be differentiable functions their values can be 


Szction I 
Let f and ¢ be non-constant real functions such that, always 
Slee —y) =F (2) -F(Y) + G(Z) « P(Y)e seceescerereeerecceeeree (C) 


From the symmetric roles played by z and y in (C) it follows that : 
J is an oven function. .............eeeeeseeeee seer eee(i) 
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The relation (C) shows thet #(2) . 4(y) =#( - 2).¢(-y). Hence ¢(2) 
cannot be the sum of an even and an odd function. 
¢(x) cannot be an even function also ; for if it were so, (C) yields the impos- 
sible result f(2x) =f(0) for all values of z, when y is replaced by -xand +z 
successively. Therefore 
(x) is an odd function. ..............cseeseeeeeeenees (ii) 


Being an odd function DN a (iia) 


Taking y=0 in (C), we get f(z) =f(x) .f(0) +¢(x) . $(0), and since f(z) is 
not constantly zero it follows that f(0)=0 is impossible and so 


PUD OPE, cdecnsenduegtebmovodacnsobesccassens (iiib) 
Setting y =z, (C) reduces to the form 
EPR SEBAOTP ae Be ons. ccssccescesccossncccesees (iv) 
From (C), using (i) and (ii), we obtain 
S (x +y) =f) ~ f(y) —B(Z) « P(Y)~ cnsecerereccceceeeeeeeees (v) 
On replacing x by (x +y) in (C) and simplifying, we get 
$(x +y) =H (x) f(y) +f (Z) - P(Y)> -eevecceeeeeeeeeeeeeee (vi) 
whence follows the result : 
$(x —y) =P(z) . fly) —F(Z) « PLY). wrevecrereceeeeeeeees (vii) 
The following results are easily deduced from those above : 
f oo Cf (x)? —(¢(z)}? 
$(2x) =24(z) . f(z), . 
(2x) +529) = 2p (a ry). f(EF yy), pnnccseceneereceuens (viii) 


f (2x) +f(2y) =2f(z +y) -f(@-y), 
J (2x) —f(2y) = -24(@ +y) . o(@ -y)- 


Defining ¥(2) by the relation 4(z) =$=) we obtain, 


f(z) 

_ _¥@) +o) _y- #@)-#¥Y) . A 

$(z +y) T-¥(@) . oy) and ¢(z-y) itg@).¢y) (ix) 
Section II 


Tn this section we assume that there is a value ¢ +0, such that ¢(t)=1, and 
therefore f(t) =0, because of (iv). 
Setting y =? in (C) and in (vii), we have 
S(z@-t)=$¢(z) and ¢(x-t)= -f(2). 
“. O(@) = —f(@ +t) = — b(x +2t) =f(a@ +3) =g(ax +42) = —f (x +5t). 


Hence and ha POI Me: ove ccciiescsscticssonden 
If we take A(x) =f (zx) pi re yates . ony 


A(x) . Ay) =A(z +y) 
follows from (v) and (vi). 
This, again, leads us to De Moivre’s theorem (general form), 
(f(z) +p(w)}” =[A(w)}" =A(na) =f (nar) +ig¢(nar). 
If, now, we y i . i 
specialise f(x) £4) as sin 2, cos z, Pegs respectively, the 





A ES i tron me 





a — 
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Szcrion III 


So far, we have assumed f and ¢ to be real functions only. If, further, we 
assume that the functions are (once) differentiable, Abel’s method quoted by 
J. C. W. D. la Bere in a recent note [2] gives the solution of the functional 


equation, 
f(@ -y) =f (x) - f(y) +9(2) - d(y) 
in the form $(z) =Ae™ + Be™, 
St (x) =kAe™ +1Be™, 
If we substitute these solutions in the equation, we have 
kAe™@-¥) +1Be"(-v) 
=A*(k* +1)e™@+¥) + BAT + 1) a") + (kL +1) AB. (eM +"¥ + eme+my), 
whence m= -n;_ A*(k? +1)= BI +1) =0, 
kA =1B =(kl +1) AB, 
We can suppose A and B to be non-zero; then 
1 1 


k= si; l=Fi, A=+5;; B=F 53 


“. o(z)= +a (ems -e-™) and Sa) = (em +e-™*), 


since ¢ and f are real, mz =iaz, a being real. 
.. $(z)=sinaz and f(x) =cos az. 
Thus ¢(x) =sin az and f(x) =cos az are the only real, differentiable functions 
satisfying the functional equation given above. 
895 North of Sastankoil, Thycaud 
Trivandrum (South India) ; 8.P. 
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GLEANINGS FAR AND NEAR 


1909. 46 Years To Make uP nis Minp? sasinibia 

The power of rapid and logical analysis is—after ility accurately to 
count up to 13!—the most valuable asset a bridge player can develop.—From 
the Bridge Column, Daily Telegraph, Mon. January 9, 1956. [Per Mr. E. 
Harding.]} 

1910. Bischoff, and later others, showed that the brain weight of the female 
in relation to the male’s brain weight is as 90 to 100, whereas her body weight 
is to the male’s only as 83 to 100. Now if we were to raise the female’s body 
weight to the equivalent proportion of the male, namely, 100 units, then one 
would have to add 17 units to the existing 90 for the female proportion of the 
brain to that of the male, giving us a of 107 for the female as compared 
with 100 brain units for the male.—. Montague, The Natural Superiority 
of Woman. [Per Mr. R. E. Brownrigg.] 
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TWO THEOREMS ON PARTITIONS 
By Ricuarp K, Guy 


THEOREM 1. Pi(n) —=Pels), wie where p,(n) is the number of partitions of n into 
odd parts greater than unity, and p,(n) ts the number of partitions of n into 
unequal parts of which the greatest differ by unity. 

THEOREM 2. p,(n)=p,(n), where p,(n) is the number of partitions of n into 


unequal parts which are not powers of two 
The fret theorem sppeared es Problem 228 in Mathonatioe Magasine, 28 


and Wright’s An Introduction to the Theory of ‘Numbers, 3rd ed., Oxford, 1954. 
We first establish a 

Lemma. p,(n)-—p,(n—1)=p,("), where p,(n) is the number of partitions 
of n into unequal parts. 

Proof: In the graphical representation of a partition into unequal parts, 
the first two rows differ either by more than one, as in (a), or by exactly one, 
as in (6). In the former case we can remove the top right-hand corner, and 


xxXXxXXXXX 


(a) xxxxxxxxxx (6) xxxxxxx 
xxxxxxx xxxx 
xxxx 4x 
x x 


leave a partition of n-—1 into unequal parts. In the latter case we cannot. 
This establishes a (1, 1) correspondence between the partitions p,(n) and the 
partitions p,,(n — 1) together with the partitions p,(n). 


First proof of Theorem 1. The generating function for p,(n), i.e. 
z p,(n) .2", where p,(0)=1, is (1 +2)(1 +2*)(1 +2%) .... The generating 
a= 


function for p,(n) —p,(n —1), and hence, by the lemma, for p,(n), is thus 
(1 —a)(1 +a)(1 +2%)(1 +24) .. 
afhratee. =e 5 it 3 =a -x# “th a 
l-2 1-2? 1-2 I-z* 
1 
~ (lL =a*)(1-25)(1—2?*) ... 
which is the generating function for p,(n). 

Second proo Theorem 1. An itive i be 
cateaiedn tae a Y positive integer m can expressed 
m=29 +2424... (O<a<b<e<...). 

Hence a partition of n into odd parts can be written as 
n=m,.1+m,.3+m,.5 +... 
= (29422 4.) 14 (2 428 +...) 34 


(279 429 +...) .54..., 
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and there is a (1, 1) correspondence between this and the partition of n into 
the unequal parts 

PP, ... SO. oe Sw eee 


so that p, (n)=p,(n), ws number portal of n into odd parts. Expressed 
in terms of generating functions, this result is 


(1 +a)(1 +2)(1 +24). : 


“(l-2)(1-2)(1-24)... 
Multiply both sides by 1 -z, and use the lemma. 


Third proof of Theorem 1: This is combinatorial, and includes a proof of a 
theorem of Euler, viz 





x a a 
(1 +2)(1 +24)(1 +2) ... =1 +> — +7 -aja a) toad -2)0 2) * 


the indices in the numerators being triangular numbers. 
The left-hand side enumerates p,(n). Any such partition, when represented 
graphically, contains a largest triangle, as shown. Suppose it has side m, 








xxxxeEX xxxxxeE 
x xX/xX XXXXXK xxxxxk x 
xxx 
x x 
x 








and thus contains }m(m +1) crosses. The remainder (shown separately 
right) form a partition of n — 4m(m +1) (ulin oh maeeh<stk poten’ suaiinatiow 
columns instead of rows, into parts not exceeding m. These are enumerated by 
im (m+1) 
' (i -2)(1-24)... 1-2) 

Summing over m proves Euler’s theorem. 

If the two greatest parts of this partition differ by unity, the remainder 
(after removal of the triangle) form a partition of n — YF says: +1) into we 
Se: enna: BAGO eet SADLER. Ay AOE: SOO unity. These are 
enumerated by 

gm (m+1 


(1 —2*)(1 —2*)... (l—-a™) 
Summing over m, and using Euler’s theorem multiplied by 1 - 2, we have 
Z p,(n) . 2” =(1 ~2)(1 +2)(1 +2) (1 +24) ..., 
and the proof may be completed as before, the use of the lemma being avoided. 
Fourth proof of Theorem 1: A partition into unequal parts of which the 
reser the two largest parts together, and unequal parts not 
pina Thins sp po me by (L+2)(1+2*)...(1+2")2"*+*, Sum- 
ming over r, the generating function for p,(n) is 
1 +a° +(1 +x)a° +(1 +2)(1 +2*) 27 +(1 +2)(1 +2") (1 +2) 2° +... 
=(1 +2)[l —2 +2% +205 +(1 +a*) x? +(1 +2*)(1 +2%) 2 +...) 
=(1 +x)(1 +2°)[1 —2(1 —2*) +27 +(1 +2%)a* +...) 
=(1 +x)(1 +2*)(1 +2°)[1 —2(1 —2*) +2° +(1 +24)a™ +...) 


=(1 +a)(1 +2) ... (1 +a*)[1 —2(1 — 2") +2? +... 
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Letting n>, we have (1 ~-z)(1 +x)(1 +2*)(1 +2*) ..., and the proof may be 
completed as before. 


First proof of Theorem 2: eens A war ae begg: Ng e deae gat eed 
above. per) agile 1) correspondence between the partitions of n into 
odd parts which are not unity and those into unequal parts which are not 
powers of two. 


Second proof of Theorem 2: We have seen that the generating function for 
P.(n), and hence p,(n), may be written 


(1 —2z)(1 +2)(1 +2) (1 +29)(1 +24) ... 
=(1 —2*)(1 +2*)(1 +2*)(1 +2*)(1 +2) ... 
=(1 —a*)(1 +a*)(1 +a*)(1 +25)(1 +2*)(1 +27)... 
=(1 +a*)(1 +25)(1 +a*)(1 +27)(1 —2*)(1 +2)... 
=(1 +a*)(1 +2°)(1 +2*)(1 +27)(1 +2°)(1 +2") ... 


wi the gntratng fnetin for 0), the mambo partons of mnt 


unequal parts which are not powers of 
adie Gusbaslaek to Giecover 0 eaubtnsteriel disitaf Gixtaaiia 9. 


University of Malaya R.K.G. 





1911. Eartu. Refer to its four corners since it is round. 
Geomerrician. “ Travelling on strange seas of thought—alone . . .”’ 


Goutpren Numser, Dommicat Letrrer, Erc. Shown on all calendars but 
nobody knows what they mean. 


InFintresm™maL. Meaning unknown but it has to do with homeopathy. 

Maruematics. Dry up the emotions. 

Mecuanics. Lower branch of mathematics. 

OcrocznaRian. Applies to any elderly man. 

Omeca. Second letter of the Greek alphabet, since everybody always says : 
“ The alpha and omega of. . .” 

Omntsus. Never a seat to be found. Were invented by Louis XIV. “ Let 
me tell you, sir, that I can remember tricycles when they had only three 

Portus. Inventor of a kind of circle. (Popilius Laenas was a Roman 
consul sent on @ mission to a Syrian king who used delaying tactics. 


Popilius 
him cirele on the and 
poet en eng A m3 ground refusing to step 


oa “* Need only be stated to be solved.” 

Pyramip. Useless edifice. 

SPELLING. Se ee ean Useless if you have style. 
a THE CIRCLE. knows what this is, but shrag your 


i rm: gg Barzun, Flaubert’s Dictionary 
y ntconn th «$056 Qilax Reinhandtstandanh, Tk (Per Mr. G. N. Copley.) 7 
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A NEW APPROACH TO LIMITS 
By lary T. Apamson 


Let us begin by commen‘ing on the familiar classical formulation of the 
limit concept. If we have a function f(x) of the real variable z, and a given 
real number a, then we are accustomed to saying : 


(A) The limit of f(x) as x tends to a is the real number L, lim f (x) =L, if, cor- 
r—>a 


responding to every positive real number « there exists a positive real number 
8 such that whenever 0 <| x ~ ~a | <8 we have | f(x) - -~L\|<e. 
In a recent series of articles and books (see, in particular, [3] and [4]), Menger 
has raised grave doubts about the meaning, if any, which can be attached to 
the phrase “a function f(x) of the real variable x ”’. He proposes to talk 
instead of “ a function f whose domain is the set of real numbers ”’, clai 
tdhad oh tite Bats the cian Govelon the qillnehes welhont Get one Of Vertelliesas 
all ; his book [3] is a triumphant vindication of this claim. By denying him- 
self the use of the variable x, Menger is no longer able to use the phrase “as 
x tends to a”’ in discussing limits ; he boldly returns to a usage similar to 
that of the nineteenth century and says, 
(B) The limit of f at a is L, lim f=L, if, corresponding to every positive real 
a 


number « there exists a positive real number 8 such that whenever 
0<|2-a|<8 
we have | f(z) -L | <e. 


To drop the phrase “‘ as z tends to a” may be held by some to be a tragedy ; 
certainly its introduction, and that of the arrow notation, were hailed as a 
great improvement. But the word “ tends ” inevitably conjures up a picture 
of z (whatever z is) moving towards a; and as Frege pointed out in an early 
discussion of the meaning of variables and functions [2], movement can take 
place only in time, while pure mathematics has nothing to do with time. 

Consider now the statement (B). In so far as it contains no mention of 
“* variables ’ nor of “ tending ”’ it is certainly to be preferred to (A); but it 
still suffers from certain psychological disadvantages. It cannot be too 
strongly emphasised that (B) defines the whole sentence, “‘ the limit of f at a 
is L”, and not the single term, “ the limit of fat a”. Thus, when students 
are asked to find the limit of some particular function at a given point, 

are being asked to find something which has not been defined—and 

apparently cannot be defined, since we are told in some cases that ‘the 
limit does not exist.”” The answer made by the conventional analyst to any 
criticism of this unsatisfactory position is that obviously the students are 
being eaked to guess a number 1, such that,“ lim f = L” is @ true proposition ; 


if this is so, then it is a pity that conventional textbooks do not make this 
obvious point explicitly. Once the point is made, however, there appears to 
be no further objection to the traditional approach except that mentioned 
above, namely that sometimes the limit does not exist. 

To meet this objection we offer now a definition of the term “ the limit of 
f at a” which is applicable to every function f and every point a which is a 
point of accumulation of the domain of f. This definition is a slight adapta- 
tion of that adopted in [1], which is in turn a simplification of the Moore- 
Smith definition [5]. pee ape i are tena ra can be applied to give 
hs Thais of tulssiess WAIN tnd “ots points of real n-space into real 
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m-space, we shall restrict ourselves for simplicity to the case of real-valued 
functions of sets of real numbers. 

We require one or two preliminary definitions. Let a be a real number, 
8 a positive real number ; then we define the 3-neighbourhood of a, Ng(a), to 
be the set of real numbers whose distance from a is less than 3, i.e. N,(a) is 
the set of real numbers z such that | z-a|<8. The deleted 8-neighbourhood 
of a, N’,(a), is obtained by dropping a itself from N,(a), i.e. N’,(a) is the set 
of real numbers x such that 0<|z-a|<8. It is convenient to adjoin to the 
set of real numbers the two “ideal real numbers”’- co and + o; if 3 is 
any positive real number we define the 5-neighbourhood N, ( —- ©) to be the 
set of real numbers z such that x< - 1/8, together with ~ oo itself; N,( +) 
consists of +00 and all the real numbers z> 1/5. The deleted 5-neighbour- 
hoods N’,( - 00) and N’,( +00) are obtained by dropping --« from N,( - ©) 
and +00 from N,( +0) respectively. If Z is a set of real numbers, a real 
number a is said to be a point of accumulation of E if, for every positive real 
number 5, N’,(a).contains at least one point of Z. It follows from this 
definition that -« (+0) is a point of accumulation of every set of real 
numbers which is unbounded below (above). 

Let now E be a set of real numbers, a a point of accumulation of Z. Let f 
be a real-valued function of Z. For every positive real number 8 we take the 
set of numbers in EZ which lie in N’,(a)—this set is non-empty, since a is a 
point of accumulation of E—and form the set of values of f corresponding to 
these numbers, i.e. we form the set Z,=f(HN’;(a)). Next we form the 
closure Cl (Z,) of this set, i.e. we adjoin to it all its points of accumulation 
(including - o and + © if appropriate). Then we make the following 
definition : 

(C) The E-limit of f at a is the set of real numbers common to all these closures ; 
in 


: Elim f =n C(f(EAN'4(a))). 


We illustrate this definition by lying it to two simple cases in which 
the limit as defined by (A) or (B) “ not exist’. First we consider the 
function f whose domain £ is the set of non-zero real numbers and whose 
values are given by 


f(z) =sin > for all real numbers z+ 0. 
If 8 is any positive real number, N’,(0) is the union of the two open intervals 
( -8, 0) and (0,8). For every 8 it is clear that f(Z2-~N’,(0)) is the closed 
interval [- 1, 1], whence it follows at once that Z-lim f is this whole closed 
0 
interval. Again let Z be the set of non-zero real numbers, and let f be the 
function given by 
f(a) =4 for all real numbers z+ 0. 
In this case E, =f(E-~N’,(0)) is the union of the two open intervals 
(- @, 1/8) and (1/8, + ©); 


hence Cl(Z,) is the union of the two closed intervals [- 0, - 1/8] and 
{1/8, +o}. Consequently H-lim f is the set consisting of the two ideal real 
numbers — o and + o. This example illustrates also the importance of 
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We now prove a result familiar in the classical context. 
TueoreM. Let E be a set of real nwmbers unbounded above. If f is an increas- 
ing function of E then E-\lim f contains either a single real number or + 00. 
+a 
Proor. Let 5 be any positive real number. Then EH, =f{(Z-~N’,( +0)) 
is the set of values f(x) corresponding to all real numbers x in Z that 
z> 1/8. Since f is an increasing function, all these sets Z, have the same least 
upper bound L, which may be either a real number or + 00. Clearly L belongs 
to the closure of every EZ, and hence to the set E-lim f. 


+ 
We claim that no other real number belongs to B-lim f. Clearly no real 
+@ 
number greater than L can belong to E-limf; so let M be a real number 
@ 


less than L. Then M is not the least upoer bound of any of the sets Z,, and 
hence there is a positive real number 2x, in E such that f(7,)> M. If 6,;=I1/2, 
then for every real number x in E-~N’,,(-0) we have x>-z, and hence 
S(x)>f(x,)>M. Thus M does not belong to Cl (Z,,). 

From this discussion it follows that ohm. f consists of Z alone, 


Let now R be the extended real line, consisting of all the ordinary real 
numbers together with the two ideal real numbers - 0c and +00. Using the 
theorem we have just established we can go on to prove the 
Here-Boret Totorem. Let F be any closed subset of R, possibly R itself. 

From any family of open sets which covers F we can extract a finite number 
of these open sets which already cover F. 

(When we say that a family of sets covers / we mean that every point of 
F lies in at least one of the sets of the family. We remark also that included 
among the open sets of R are sets of the form [ — 00, a) and (a, +00].) 

The Heine-Borel Theorem has the following useful consequence. 
Corottary. If a family of closed sets in R has the property that every finite 

subfamily has a non-empty intersection, then the whole family has a non- 
empty intersection. 

Proor. Consider the family of complements of the closed sets—these 
complements are of course open sets. By hypothesis, no finite subfamily of 
these open sets covers R; hence, by the Theorem, the family itself cannot 
cover R. By taking complements again the desired result follows. 

Using this Corollary we can assert 
Tueorem. For every function f and every point of accumulation a of its 

domain E, E-lim f is non-empty. 
a 


Proor. According to the Corollary we have only to show that any finite 
collection of the closed sets Cl (Z,) has a non-empty intersection. Let Cl (Z,,), 
Cl (E4,), »++» Cl (Z,,, ) be such a finite collection. Let 8,=min (8,, ..., ,). 
Then AOE Cl (By, ) is the intersection of the sets in this collection. 


If Z-lim f consists of a single real number or — oo or +00 we shall say 


a 
that f is convergent at a. Tp sagnpe angpcted. mek, te Aenean. ee aneeee ot 
natural numbers given by f(n) =n, t.e. the sequence 1, 2, 3, ..., camnot pro- 
perly be called convergent at +00. To the present writer it seems desirable 
as far as ible to treat -—oo and +0 on the same footing as the ordinary 
real n ; but those who disagree can say, of course, that if oa 


z 
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contains only +00, then f diverges to +0 at a. There is, however, a price 
that must be paid for thus following convention—it is that separate state- 
ments for convergence and divergence to -« or +00 must be given for 
theorems like the following, which shows that when f is convergent at a the 
definition (C) and the classical definition (B) are equivalent. 


Tueorem. Let E be a set of real numbers, a a point of accumulation of E, La 
real number or —c or +0. Let f be a real-valued function of E. Then 
the following conditions are equivalent : 


ff ecassisee: a) tpetinsargn mapas 
2. corresponding to every positive real number ¢ there exists a positive 
real number 8 such that for all points x of E in the deleted 5-neighbourhood 
of a, f(x) lies in the e-neighbourhood of L. 
Proor. Suppose condition 1 holds, 


If condition 2 does not hold, then there exists a positive real number « 
such that, for every positive real number 8, Z,=/(EpN’,(a)) contains a 
ee ee eee a fortiori, Cl(E,) contains a real number outside 

N, (LZ). The closed sets F, 's consisting of those real numbers which belong to 
Cll E,) and do not belong to N,(L) are thus non-empty ; any finite collection 
of them has a non-empty intersection, and hence the whole collection of sets 
F has a non-empty intersection. arumaratnay Ac agtter-esdbsaide Cl(Z,) contains 


ay Prec aay ye But this is « contradiction since, by hypothesis, 


tli of L alone. 


dissects fara Sag 
Conversely, suppose condition 2 holds. 


Then, corresponding to every positive real number « there exists a positive 
real number 8(¢) such thet Ba. =f(EAN’ we) (@)) i is contained in N,(L). Thus 
Cl (Zy,)) is contained in C1(N’(L)). Now ala J. which is the intersection 


over all positive real numbers 8 of the sets Cl (E,) is contained in the inter- 
section over all positive real numbers « of the sets Cl (Ey), and hence in 
the intersection of all the sets Cl(N,(Z)). But this last intersection consists 
simply of L itself, and since E-lim is non-empty, helio that P tay 


consists of L also. 


Thus condition 2 implies condition 1. 
The Queen's University, Belfast LT.A. 
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SUMS OF POWERS OF THE INTEGERS 
By R. V. PARKER 


Recent Notes in the Mathematical Gazette [1] have suggested directly or by 
implication the surprise felt by some students of mathematics when Z* turns 
out to be (2z)*. Perhaps the results appear less surprising if they are seen, 
not in isolation, but as two particular cases of summation formulae for odd 
powers of the integers expressed in powers of {2(x + 1)}. 

The fact that the sums of odd powers of the integers are expressible in 
powers of {z(z + 1)} can be used as a demonstration of the distinctive pattern 
of the difference tables of these sums, which facilitates their speedy calculation. 

Summation formulae and difference tables for even powers of the integers 
are seen to be somewhat similar to those for odd powers. 


Let Zig =Uy +g + Uy +... tty. 
VJ Ug =Ug ~ Uz-1 
(7) =the binomial coefficient 
Then V2"(x +1)" =a2"(a2 +1)" —(x -1)". a” 


=an{ am +n.am3 +(3) an +(3) a8 4... 
-2" +n, gti (p)ar-2+(3 ar wes} 
=a {an M248 ("an +2 (") xn-s top 


=2{n.ams+(*ens (Mama s..} 


Oe eee eee e eee ea) 


LVa" (x +1)" =(1" . 2% —O* . 1*) +(2" . 3% — 1", 2") +... 
« ${(x —1)" . a -— (a —2)"(x -1)} 
+{a" (x2 +1)" —(@ - 1)". 2} 
wie Geb OF, 5... 5 2.5 pegiieeansaane ein teumaemas inane sie’ (ii) 
From (i) and (ii) we obtain : 


>, {n.2m1+(3) am-++(7) amt... es a | eee (iii) 


from which it is clear that the sum of any odd power of the integers (and only 
the sums of odd powers of the integers) may be expressed as powers of 
{z(#+1}. For example, putting n=1, 2 and 3 we obtain : 


n=l, Z2=}. x(x +1). 
n=2. 22a* =} . x*(x +1)", whence Zx* =}. x*(x + 1)*. 
n=3. 2(3e°+2z%) =}. 2*(x+1)* 

=}. 2*(x +1)* - Z2* 

=}. 2*(e+1)*-}.2%(e@ +1) 












n(n —1)...(m —r +1) ; 
r! 





2 
zx =" (e +1) Sle +). 
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For Zz" (n odd) the number of terms will be $(n — 1), and the indices will 
decrease from }(n +1) down to 2, the term being alternately positive and 


negative. The first coefficient will be —— - 


Eat =F (x + 1)(22 +1), and ail Zax" (n even) is divisible by the factor 2x +1. 


Vx" (x +1)" (20 +1) =2[ {(”) +2 (")} 2 + {(3) +2(")}am-s +...| 


whence, since [2 (x + 1)"(2z + 1)],-0 =0, we have : 


} EVax" (x + 1)" (2a +1) =a" (x + 1)" (2e +1) 
1.6., 


DL {(0) +2} ="+ {(@) 2h ores (+2 Gp] 


he (+A) (DEH Ds sessenccedscesecesseeeeseens (iv) 


which shows that the sum of any even power of the integers (and only the 
sums of even powers of the integers) may be expressed as powers of {x(z + 1}), 
each power with the additional factor 2z +1. 


For n=1 and 2, we obtain : 
n=l. 2(1+2)2*=3 Fa*=}. x(x +1)(2r +1) 
whence J x* =}2(x + 1)(2x +1). 
n=2. 2{(1+4)at+(1 +0) 2%} =D Sat +2*) =}. e*(w + 1)*(2x +1) 
§ Lat=}h.x*(x+1)*(2a4+1)-L 2? 
=}. x*(x + 1)*(2e +1) -4a(x + 1)(2e +1) 
Z xt = Poa" (x + 1)*(Qa + 1) — Poa(a + 1) (2x +1). 
For Z x" (n even) the number of terms will be $n, and the indices of {a(x + 1)} 
will decrease from jn down to 1, the terms being alternately positive and 
- : , 1 
negative. ‘The fant conliplent wil See a 
The expression of sums of odd powers of the integers in powers of {x(x + 1)} 
and of even powers of the integers as (2x + 1) times powers of {x(x + 1)} has 
been demonstrated by a different method by Piza [2]. 
We now wish to demonstrate that the function representing Z 2" (n odd) 
has a difference table of a distinctive pattern which facilitates calculation. 
n—2 
= 2x" (n odd) = fe. . a (2 +1)"-*, where Cp, ¢, ..., C,-, are constants. 
Let u, represent the function for J x” (n odd), and put -z-1forz. Then : 


wera Fo -(-2-1)*"*( -2)"-* 
= "S cy( —1)"*(2 +1)"-#( - 1)", gat 
t=0 


n—2 
sah - ot (ae + 1)"-#, 








e¢na a 
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Chg Flag go; de dneespadecsv gs censnss sunonwenaesncevsnbiveaswenceshs (v) 
Au, =Ug+ 1 — Uz, 
Au, = Atigs - Au, =Ugts — 2te+1 +g, 


r 
au, = Z,' - 1)* (’) Ugtr-t © eveesecesesdoccesesessoveseesoues (vi) 
In (vi) put 2x —-1 for rand -—z forz. We then have: 
22—1 2a-1 
AP-y_ = z= (-1¢( rae 
t=0 t 
22-1 22-1 22-1 22-1 
= 0 U,-1- 1 Ug-_g t..-+ 2x -2 U—gt+i 2r-1 u-» 
giving an even number of terms which may be paired as under : 
22-1 22-1 22-1 2a -1 22-1 
0 Ug-1 — 1 Ug-s + 2 Ug-3 ~ 3 Ug-gt..e+ 2-1 Uo 
22-1 22-1 22-1 2a -1 
~\en-1 wot (os Mati ~ \g,_3/ “ets * \o, 4) Yo 
2a -1 
(uy 
The binomial identity (*) = E2 2 and the equality (v) above show that 
the sum of the above two rows of terms is zero, in the case of the function 
for 2 x" (n odd). 
We thus have, if u, is the function 2 2" (n odd) : 
Ae-14,_. =0, 


whence, since atu, =4"-u,,, — 4°-"u,, 







we have : 

4*y_,=4*-"u_,,, — 4” u_, 
and Bg og PO Naa ggg. deccescvcecneccsncsnngevecenesors (vii) 
We demonstrate this equality of differences in the following table, where u, 


stands for the function which represents J x*, and values are given for u, for 
unit intervals of the argument from z= —3 to x =3. 






































z | ty | du, | 4%, | dtu, | Au, | dru, | dey 
-3 33 
- 32 
-2 1 31 
S| -30 
-1 0 1 30 
0 0 - 0 a 
1 l 31 150 
32 180 
2 33 211 
243 
3 276 


a) ts 

bs a 
ra 
" 
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The equalities shown in (vii) are linked by the “ zig-zag”’ line, and are 4 J 
seen to be the differences for Gauss’s forward formula for equal intervals [3], 
which may be expressed as : : ; 
1 : ‘ 
tig =p + dug (7) +.d%u_, (3) + 4s eet) + Aes va , NS a. 
We thus have : ‘ 


rer meanmal(i)+(D} +alC3)*C2) 
sed("2) C2} + 


a+l a2+2 a2+3 
=Cy 2 ) +e. ( 4 ) +64 6 ) +. 
where c,=1, the last constant equals n!, and the number of terms is }(n + 1). 
Example. Evaluate 2 x‘. 
There will be }(5+1)=3 terms. The first and last coefficients will be 1 i Br 
and 120 respectively. We therefore require to find the middle coefficient, 
for which we only need 2° = 32. 


Ks sorte ag Lom pore 






































= 12 
_(#+l z+2 Pw, : 
whence Z 2° = 2 ) +30( 4 ) +120 6 M 
The difference table for 2 2” (n even) can similarly be shown to conform aay 
to the pattern indicated in the following example for Z z*. 
x uU, Au, 4tu, | 4%u, | Au, | Au, = 
-3 -17 
16 ) 
-2 -1 -15 
1 14 7 
-1 0 -1 -12 D 
ef en Tt eer Ps 
1 14 | 
1 1 15 pr 
16 q 
2 17 = 
be 
The differences joined by the “ zig-zag " line are seen to be the differences is 
for Gauss’s backward formula for equal intervals [4] which may be given as : a 
uy =u, + 4u-, (7) +4, (757) +4%u_,(7*") +4u..(**%) + 4. i 
B. 


We thus have : 
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Zz" (n oven) =e, (7 $*) +2.¢,(737) +e:(777) +2.0,(737) + 


Example. Evaluate 22‘. 
The first coefficient will be 1, the second 2, the last n! and the last but one 
4.mn!. We require to find the third. The fourth wili be twice the third. We 
thus only need 2* = 64. 


op emt ee ee 


63 














64 
as ghag ‘gts hie re. 
Whence Z2* =( ° +2 3 ) +60 Pee” +120 5 


— fag * 
+360 5 +720 “ 


Bressingham, Diss, Norfolk R.V.P. 
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1912. MarHematics GO ON PARADE. 

The Great Hall of Eltham Palace, where Kings and Parliament have sat, 
rocked to martial tread yesterday afternoon. 

A squad of young Guardsmen, ably seconded by @ squad of boys from the 
Duke of York’s Royal Military School, were demonstrating “‘ Mathematics on 
Parade ”’, 

This is a system designed to make arithmetical a 
prehensible, first by CONT movements and afte by graphs. 

Its originator, Mr. W. Bass, director of an firm, and its 
applier, Mrs. O. 8. Dowty, headmistress of Headington Infant School, Oxford, 
watched y’s demonstration. 

With other educationists they saw how the Royal Army Education Corps 
is applying the system to backward soldiers. 

In tribute to the system's efficacy I need only say that by the time my 
observer came away he was able to subtract pounds, shillings and 

from left to right. And that, I believe, is what is known as 
mathematics.—Daily Telegraph & Morning Post, July 12, 1955. (Pee Me 
B. M. Brown.] ion 


st 
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THE EFFECT OF FRICTION ON ELLIPTIC ORBITS 
By D. G. Parkyn 


1. Introduction 

It forms an interesting and topical example in particle dynamics to in- 
vestigate the effect of a small frictional perturbation on an elliptic orbit. 
In this paper the frictional force is assumed to be proportional to the square 
of the velocity and the eccentricity of the orbit is assumed to be small. 
Formulae are deduced for the rates of change of the major axis and eccen- 
tricity of the ellipse in terms of the rate of change of periodic time, numerical 
values being compared with the rather sparse information on Sputnik I. q 
2. If the resistance per unit mass is assumed to be kv*, then, in the notation a 
of Ramsey (Dynamics, Vol. IT) 

4a 2ka*v* 


ws qu Me -0(1 2) 


Since a and é vary appreciably during a revolution, it is convenient to 
determine the changes in a and e, (4a, 4e) over one complete revolution. 
Thus, using the normal relations for elliptic orbits, we obtain 


(1 +2e cos @ +e?)9/* 
(1 +e cos 6)* . 


(1 +2e cos 6 +e*)!* (e + cos ®) 10 
(1 +e cos 6)* . 


gu [CL +26 008 8 +62) 
~ Jo (1 +e cos 6)? 


_ [2" (1 +26 cos @ +e*)** cos 6 
~ do (1 +e cos 6)? 


Aa = -2ka{(1 +¢%) A +2eB} 
4e = —2ka(1 —e*){eA +B}. 

To evaluate the integrals A and B expand them as series in e and 
neglect terms above the square : dit he 


A =f" {i -€ cos 0+S1 +cos? o)} ao 








4a = - 2ka* 
0 





de = - 2ka( - 6%) | 








B dé, 


EF E § 


=5 (4 +86"). 


B= ffi ~¢ 208 0 +5(1 +008" 0)} cos @d@ 
= — Wwe. 
da = ~ nka*(4 + 36%) 
Ae= ~2ekas. 


Pig 


T =2n,/% wn tft 
2n,/— wohavethet da=n 57, 





eos 


Suds oe e2ete B2oeezen 


@® ® es ieee 


a ed 
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and hence de = ee is -je*). 


3. Numerical Results 

It is possible, assuming constant k, to integrate these relations and develop 
a, e and 7’ as functions of the number of revolutions, n. However, the rates 
of change are so small that it seems adequate to assume a linear dependence 
upon n, especially as variation in k will eventually become predominant. 

The available information on the initial orbit of Sputnik I is that its maxi- 
mum height was 630 miles and that its apparent periodic time was 1-59 hours. 
This implies an actual periodic time of 1-696 hours, calculated on the number 
of revolutions attained on 13th November. Hence a =4,507 miles and using 
the given apsidal distance we find e =0-027, and the other apsidal height as 
384 miles. It has been stated that 7’ is decreasing at the rate of 2-9 secs. per 
24 hours. 

From this we find 





4a = —0-1103 miles 
and 4e = —3-04 x 10-”. 


This would imply that the satellite would fall 120 miles in about 83 days, 
on the assumption of a constant density. The assumption that higher powers 
of e than the square may be neglected is amply justified for the given 
orbit, the only questionable assumption being the constancy of the density. 

The statistically predicted density is of the order of 10-™ gms./c.c. at 100 
miles and falls to 10-** gms./c.c. at 560 miles, obviously inadequate to explain 
the stated rate of change of 7’. In fact, on the Newtonian resistance law— 
reasonably accurate for high speeds—we can estimate the required density 
as about 3 x 10-™ gms./c.c. One possible solution of the contradiction is in 
the presence of dust matter in the solar system, a reasonable supposition from 
observation of other galaxies. In this case one would expect a roughly con- 
stant density above the “ statistical atmosphere ”’. 

The resultant rate of fall then disagrees with the maximum apsidal distance 
published by the Russians on 11th November, 1957, of 503 miles, a fall of 
127 miles in 39 days. In other words, the available information is incon- 
sistent. The periodic time is probably correct and is capable of a simple 
check. The rate of decrease of periodic time may be compared with a Cam- 
bridge estimate of 1-8 secs. per 24 hrs., which would anyway give a slower 
rate of fall. An average height of about 500 miles is consistent with the 
periodic time, but it seems likely that the “ maximum distances ”’ are in 
error. 

The validity of the original 630 miles would give the satellite a life of 
some 200 days, and of the second, a total life of 155 days. The average of 
these would allow a life of about 6 months—to mid-April, 1958. 

University of Natal D.G.P. 


Additional Note 
The paradoxical behaviour of Sputnik I, which travelled faster through the 
effect of friction, can also be demonstrated mathematically in the following 


elementary way. 
Consider a particle describing a circular orbit of radius r, with speed v, 


under a central attraction «/r?. Then v,*/r,=«/ro? and x =ryv,*. Now suppose 
that v and r change slowly with time under the influence of a tangential 
retardation Av,. To a first approximation 

v=ré and #-ré?= -x/r* 
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Now suppose that after a short time t, r=r,(1 + at), v=v9(1 + Bt), d=0,(1 +y¢). 
coefficients of ¢ : 





Then the above equations give, neglecting #*, and equating 







B=aty 
a+2y= -2a 
y+Za=-A 






from which a= — 2A, B=A, y =3A. : , 
Finally r=r,(1 —2At), v=v9(1+At), 6=6,(1+3At); showing that while r 
decreases with time, v and 6 both actually increase. ai 








RHOMBIC TRIACONTAHEDRA 
By Joun D. Eps 







The process of producing the facial planes of a polyhedron to form stellated 
polyhedra is well known. When applied to the icosahedron it leads to a series 
which is limited to eight solids if we make the condition that every face of 
each must be covered in forming the next of the series. If this condition is 










dropped a large number of combinations of the parts of these eight solids is 
possible. The total number of solids, limited by symmetry i ions, is 
59, and they are all illustrated in The 59 Icosahedra by Coxeter, Du Val, 
Flather, and Petrie. The corresponding basic series of solids ing with 





the Rhombic Triacontahedron numbers 13, and the total number of com- 
binations is very great. Details of the 13 solids are given in the table below. 
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RHOMBIC TRIACONTAHEDRA 


Ruompic TRIACONTAHEDRA 








Solid ‘ 
: Faces of solid cells No. of 
Power | Solid Faces cells ; 

0 A 0 a 0 1 
<l B 1 b 0(1) 1(4) 30 
<2 C 3,3 c 1(2) 2(1), 3(2) 60 
<3 D 4, 5, 6 d, 3(2) 4(2), 5(2) 60 

d, 2(3) 6 (6) 20 
<4 E |7,8,9,10| e 4(2) 7(1), 8(1) | 60 
e,(2) 5(1), 6(1) 9(1), 10(1) | 60, 60 
<5 F }11, 12, 13,} f, 7(5) 11(5) 12 
14 te 8(1), 10(2) | 12(1), 13(2) | 60 
Ts 9(4) 14(4) 30 
<6 G 15, 16, 17,) g; 11(1), 12(1) | 15(2) 60 
18 g(2) | 13(1), 14(1) | 16(1), 17(1), | 60, 60 
18(1) 
<7 H 19, 20, 21 | A, 17(2) 20(1), 23(2) | 60 
22, 23,24 | h, 15(2), 16(2) | 19(2), 24(2) | 60 
hy 18(2) 21(2), 22(2) | 60 
<8 I 25, 26, 27 | 4 19(2), 20(1) | 25(2), 30(2) | 60 
28, 29, 30 | i,(2) | 21(1), 24(1) | 26(1), 28(1) | 60, 60 
i,(2) | 22(1), 23(1) | 27(1), 20(1) | 60, 60 
<9 J 31, 32, 33 | J; 25(2) 31(1), 37(2) | 60 
34, 35, 36,| 7; 28(4) 33 (4) 30 
37 js 29(6) 34(3) 20 
j,(2) | 26(1), 27(1), | 32(1), 35(1), | 60, 60 
30(1) 36(1) 
<10 K 38, 39,40 | k, 34(1), 36(2) | 39(2), 42(2) | 60 
41, 42, 43,| &,(2) | 32(1), 37(1) 38(1), 43(1), | 60, 60 
44 44(1) 
k,(2) | 33(1), 35(1) | 40(1), 41(1) | 60, 60 
<ll L 45, 46,47) 1, 40(2), 43(2) | 45(1), 48(2) | 60 
48, 49, 50 | l, 41(2), 42(2) | 47(2), 50(1) | 60 
1,(2) | 39(1), 44(1) | 46(1), 49(1) | 60, 60 
<12 M 51, 52, 53 | m(2) 51(1), 52(1), | 60, 60 














47(1), 48(1), 
49(1) 





53(1) 
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No attempt has been made to enumerate the others, but details are given of 
two that are illustrated in Mathematical Models by Cundy and Rollett, where 
they are chosen for their particular properties rather than as members of the 
triacontahedron series. 

The diagram shows the lines in which the plane of one face of the rhombic 
triacontahedron is cut by the planes of 28 other faces (the remaining face 
being parallel). To save space only part of the network is shown ; the rest is 
symmetrical. The large number of parallel lines on the diagram makes it a 
comparatively simple matter to work out all the lengths in terms of the edge 
of the original triacontahedron, knowing that its faces have diagonals in the 
golden ratio. 

The solids are mostly complex ones, and making models is a lengthy 
business. The net is conveniently made up from a number of identical 
pieces, copied by pricking through, but most of the models will need strength- 
ening with internal struts to keep them rigid, or else should be built on a 
foundation of some suitable simpler and rigid model. Many of the solids not 
in the main series are simpler, and this makes them both easier to make and, 
on the whole, more elegant. 


Norges on TABLE 
Kk Column 1. The method of enumerating the solids is based on one of those 
in The 59 Icosahedra by Coxeter, Du Val, Flather, and Petrie. 
The term “ Power ” is defined there, though probably the mean- 
ing is clear from the context of the table. 
Column 2. Solid A is the Rhombic Triacontahedron. Solid HZ is the com- 
pound of 5 cubes. 
Column 3. Numbers in the table refer to the diagram. 
Column 4. (2) means that the solid cell exists in two enantiomorphous forms. 
Columns 5 and 6. Numbers in brackets show the total of each n 
face in each solid cell: e.g. solid cell b has one of face No. 0 
facing inwards and four of face No. 1 facing outwards. The face 
No. 0 joins it to A to make B. 
Column 7. 60, 60 means that there are 60 units of each of the two enantio- 
morphous forms. 
Some points with powers of 10, 11, 12 have an infinite locus. There is no 
parallel to this situation in the case of the 59 Icosahedra. 
Two Rhombic Triacontahedra (though not solids of the main sequence 
A-—M) are illustrated in Mathematical Models by Cundy and Rollett. 


a Faces 2, 5, 8, ll 
Small stellated triacontrahedron Solid C plus cells d,, ¢,, f: 


: Faces 15, 16, 20, 21, 27, 34 
Great stellated triacontahedron Solid @ plus cells h,, hy, ts, js 


Kingswood School J.D.E. 
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THE SOLUTION OF QUADRATIC EQUATIONS 
By K. 8. SNeiu 


There are four methods which are normally taught in schools for solving 
quadratic equations : 
(i) By factorisation. 
(ii) By the use of graphs. 
(iii) By completing the square. 
(iv) By the use of the formula. 
‘_wo principles which should always be observed in teaching are : 


(a) A new topic should be led up to, incidentally, appreciably before it 
becomes the central objective of a group of lessons. 

(6) Applications of any topic should always be used to drive home the value 
of the topic and to give additional examples to consolidate a pupil’s knowledge 
and ability to use any method. 

Of the methods quoted above the first two use these principles, while the 
fourth is the final method which all pupils should know and retain for future 


use. 

Bearing this in mind I suggest that the order of teaching should be as I 
have given, though the first two are independent and hence their order is 
immaterial. There are also geometrical methods for solving equations which 
are interesting and use my second principle, but are not retained by the 
pupil as standard methods. 

Factorisation is welcomed by a teacher as a subject which requires drill, 
and with which most pupils can be reasonably successful, provided the 
examples are not unduly hard. Hence there is a tendency to make skill in 
factorisation a final objective rather than a means to facilitate other mathe- 
matical working. It is the link between topics which is to be emphasised, 
and factors should be used to simplify arithmetical working, especially in 
mensuration, to help in adding or multiplying fractions, and to provide a 
means of solving quadratic equations. It is this last application with which 
we are here concerned, and it enables a quadratic equation to be split up into 
two simple equations, of a type with which the pupil is familiar. There should be 
preliminary discussion to answer the question: “ Tell me any two numbers 
whose product is zero?’ Then in the solution of an equation like 


-22 -3=0, 


an essential step for a pupil to write is 

5a+3=0 or «-1=0, 
each simple equation then being solved independently. I still find some boys 
who say that for an equation 

(x -3)(a +2)=0, 

the answer is obtained by changing the sign of the numbers, i.e. 7 = +3 or -2,a@ 
rule which obscures the principle used and can so easily lead to mistakes such 
as giving x = — 3 as a solution in the first example above. 

I remember being worried often by the introduction given in books to the 
solution of equations by graphical methods. My difficulty was that the first 
examples were on the solution of quadratic peda and boys considered 
this a clumsy and inaccurate method of attempting something which they 
could do more quickly and accurately by calculation. Hence I insisted always 
on making my early examples concerned with cubic equations, a type whieh 
a boy could not soive by any other means. But this meant more ea 
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graphs than were advisable at the beginning of a subject. The modern stress 
on the importance of functional thinking and graphical representation has 
solved my difficulty in a much better way. The representation of linear and 

ic functions by graphs precedes any formal teaching of the solution 
of quadratic equations. From a graph a boy can pick out maximum or 
minimum values of a function, the range of values of x for which a function 
increases or decreases, and the values of x for which the function takes certain 
specific values. Thus my two principles can both be satisfied in treating 
graphs of quadratic functions, and the pupil has a visual representation of 
the fact that quadratic equations may have two, one or no solutions, before 
he attempts a method for calculating such solutions. It is worth noticing 
that if the pupil draws an accurate graph of z*, or uses one from a book, 
then any equation of the type z*=px +q can be solved with good accuracy. 
At this stage a pupil can see that graphical representation can lead to methods 
of solving any algebraic or trigonometric equation. 

I have for long battled with the method of completing the square, with 
more intelligent boys, in the belief that all who were going on with Calculus 
would need the method in integration and hence should learn it in their 
elementary course. To make the method more general I used it for finding 
maximum and minimum values of quadratic functions. Thus 

5a* - 2x - 3 =5(x - $)* -— 3h, 


and hence has a minimum value of - 34, occurring when z=}. Also I insisted 
that at each step of the solution of an equation by completing the square 
checks could be made, and a boy could really understand what he was doing. 
The most important check comes after the line 


2 4 Sy =<+ 
3 3 ? 


when a pupil should be taught to write next the following line 
(v+$)*= , 


and then complete the previous line by multiplying out the latter line. In 
spite of such checks I have found, to my chagrin, that boys in lower divisions, 
who had quickly moved to a solution by formula, got more questions right 
than my own upper division who were completing the square. The latter 
Seotens ene so many places at which slips can be made, and are made 
because , and I expect girls also, will work each separate step by rule 
without checking at each stage. 

I am thus driven to the conclusion that the fourth method, by the use of 
the formula, is the one that should be given as the method when the solution 
of Fe equation by pommel rear the central objective with a 
pupil. it is unwise to precede thi any prolonged use of completing 
the square because boys (and girls also?) are so conservative that they like 
to go on using the method they learn first. Happily this does not preclude 
the early application of methods (i) and (ii) since a boy will realise that he 
needs another method for calculating accurately and quickly the solution of 
any quadratic equation. The introductory work would include the solution 
by pupils of equations like 


z=5, (x+2)*=7, 2*-ér=3. 
But then it is possible to obtain the solution of the general equation 
az* +bx +c=0, 
help of the class. But, to their relief, they should not at this etage 
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be required to reproduce the proof, but only to learn the result, as a formula, 


and then how to apply it. 
It has been suggested that the formula for the solution of the equation 


z*+2p2+q=0 


is easier than that of the more general equation. This is true, but in applica- 
tion an extra step is needed, the division by the coefficient of z*, and an extra 
choice is given of expressing the other coefficients in fractions or decimals. 
This opens the door to other mistakes, such as writing 3 as 0-6 or 0-66. Hence 
I advocate the use of the more general formula. 

May I summarise with the suggestion that quadratic equations should be 
introduced as an application of factorising, and as an illustration of one use 
of the graph of a quadratic function. The main work on quadratic equations 
should be with the general formula, preceded by a short explanatory treat- 
ment of completing the square. 

Harrow School K.8.8. 






CORRESPONDENCE 


To the Editor of the Mathematical Gazette 


Dear Sir,—There are two matters of historical interest in the A.M.A. 
book, The Teaching of Mathematics, to which I should like to draw attention. 

(i) On p. 93 the book implies that to the 1923 M.A. Report on the Teaching 
of Geometry was due the idea of dividing the subject into stages and the 
modern method of treating the early stages. The book does not point out 
that the first authoritative statement of these ideas was in the Board of 
Education Circular No. 711 published in March 1909. (The stages were not 
quite the same as those suggested in the 1923 report.) 

Circular No. 711 suggested that, in all but the last stages the theorems 
connected with angles at a point, the angles made by a transversal cutting 
parallel lines, and the congruence theorems should be taken as axioms (or 
postulates). It gave an admirable description of how those theorems should 
be led up to. 

This Inid the foundations for the modern views on the teaching of geo- 
metry. It is now well known that Circular No. 711 was mainly, if not entirely, 
due to W. C. Fletcher, though it was signed by a secretary of the Board of 
Education. 

The failure to mention Circular No. 711 in the A.M.A. book is probably 
due to the fact that no member of the committee was old enough even to 
have been at school in 1909. 

(ii) The other matter is concerned with the teaching of Elementary Cal- 
culus. The book suggests that Calculus was only taught to a few able pupils 
before the publication in 1944 of the Jeffery report ; but the Oxford and 
Cambridge Joint Examination Board had a paper on Coordinate Geometry 
and Elementary Calculus for additional mathematics in its School Certificate 
Examination as early as 1921, though credit in additional mathematics could 
be obtained without taking that paper. Other examining bodies probably 
had papers on Elementary Calculus about the same date. we 

The book speaks of introducing Elementary Calculus “ to fifth form pupils ' ‘ 
but before 1913 some schools were already teaching the subject to pupils 


below the fifth form. 
Yours, etc., A. W. Srppons 
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graphs than were advisable at the beginning of a subject. The modern stress 
on the importance of functional thinking and graphical representation has 
solved my difficulty in a much better way. The tation of linear and 

ic functions by graphs precedes any fi teaching of the solution 
of quadratic equations. From a graph a boy can pick out maximum or 
minimum values of a function, the range of values of x for which a function 
increases or decreases, and the values of z for which the function takes certain 
specific values. Thus my two principles can both be satisfied in treating 
graphs of quadratic functions, and the pupil has a visual representation of 
the fact that quadratic equations may have two, one or no solutions, before 
he attempts a method for calculating such solutions. It is worth noticing 
that if the pupil draws an accurate graph of z*, or uses one from a book, 
then any equation of the type z*=px +q can be solved with good accuracy. 
At this stage a pupil can see that graphical representation can lead to methods 







when a pupil should be taught to write next the following line 
(z+#*= 
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I am thus driven to the conclusion that the fourth method, by the use of 
the formula, is the one that should be given as the method when the solution 
ht preotie ic equation by pomnrcaereh becomes the central objective with a 

i it is unwise to is by any prolonged use of completing 
the square because boys (and girls also?) are so conservative that they like 
to go on using the method they learn first. Happily this does not preclude 
the early application of methods (i) and (ii) since a boy will realise that he 
needs another method for calculating accurately and quickly the solution of 
any quadratic equation. The introductory work would include the solution 
by pupils of equations like 

zw=6, (x+2)*=7, 2*-ée=3. 
But then it is possible to obtain the solution of the general equation 
_ @a+br+e=0, 
with the help of the class. But, to their relief, they should not at this stage 
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be required to reproduce the proof, but only to learn the result, as a formula, 
and then how to apply it. 
It has been suggested that the formula for the solution of the equation 


x*+2pz+q=0 


is easier than that of the more general equation. This is true, but in applica- 
tion an extra step is needed, the division by the coefficient of x*, and an extra 
choice is given of expressing the other coefficients in fractions or decimals. 
This opens the door to other mistakes, such as writing } as 0-6 or 0-66. Hence 
I advocate the use of the more general formula. 

May I summarise with the suggestion that quadratic equations should be 
introduced as an application of factorising, and as an illustration of one use 
of the graph of a quadratic function. The main work on quadratic equations 
should be with the general formula, preceded by a short explanatory treat- 
ment of completing the square. 

Harrow School K.8.8. 


CORRESPONDENCE 


To the Editor of the Mathematical Gazette 


Dear Srr,—There are two matters of historical interest in the A.M.A. 
book, The Teaching of Mathematics, to which I should like to draw attention. 

(i) On p. 93 the book implies that to the 1923 M.A. Report on the Teaching 
of Geometry was due the idea of dividing the subject into stages and the 
modern method of treating the early stages. The book does not point out 
that the first authoritative statement of these ideas was in the Board of 
Education Circular No. 711 published in March 1909. (The stages were not 
quite the same as those suggested in the 1923 report.) 

Circular No. 711 suggested that, in all but the last stages the theorems 
connected with angles at a point, the angles made by a transversal cutting 
parallel lines, and the congruence theorems should be taken as axioms (or 
postulates). It gave an admirable description of how those theorems should 
be led up to. 

This inid the foundations for the modern views on the teaching of geo- 
metry. It is now well known that Circular No. 711 was mainly, if not entirely, 
due to W. C. Fletcher, though it was signed by a secretary of the Board of 
Education. 

The failure to mention Cireular No. 711 in the A.M.A. book is probably 
due to the fact that no member of the committee was old enough even to 
have been at school in 1909. 

(ii) The other matter is concerned with the teaching of Elementary Cal- 
culus. The book suggests that Calculus was only taught to a few able pupils 
before the publication in 1944 of the Jeffery report; but the Oxford and 
Cambridge Joint Examination Board had a paper on Coordinate Geometry 
and Elementary Calculus for additional mathematics in its School Certificate 
Examination as early as 1921, though credit in additional mathematics could 
be obtained without taking that paper. Other examining bodies probably 
had papers on Elementary Calculus about the same date. OS 

The book speaks of introducing Elementary Calculus “ to fifth form pupils ”, 
but before 1913 some schools were already teaching the subject to pupils 


below the fifth form. 
sp Yours, etc., A. W. Srppons 
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To the Editor of the Mathematical Gazette 

Sr,—At the Oxford Mathematical Conference in April 1957, and again at 
the Cambridge Colloquium in the summer, it was suggested that a certain 
amount of Numerical Analysis might usefully be introduced into school work, 
even if only in an informal way. If there are other teachers whose interest 
in this proposal is as inhibited by their ignorance of the subject as mine was, 
may I be permitted to draw their attention to a recent National Physical 
Laboratory publication, Modern Computing Methods (H.M.S.O. Code No. 
48-120-16*, price 10s. 6d. net)? I came across it by chance and have nowhere 
seen it advertised, but it packs into 129 pages a great deal of information 
about matrices, the numerical solution of linear and polynomial equations ; 
successive differences and their uses in interpolation, integration, and the 
detection of errors; the solution of ordinary and partial differential equa- 
tions ; relaxation methods; the As paca of mathematical tables ; elec- 
tronic computers and the differential analyser. There is also an extensive 
bibliography. 
Cheltenham College Yours, ete., A. Barton 


To the Editor of the Mathematical Gazette 
Dear Str,—I wish to put forward the following hypothesis with the hope 
om through the columns of the Gazette I may get further information to 
elp “‘ test ”’ it. 
“ If a boy is good at rugby football and at Mathematics then he is a three- 


quarter ”’! 

The ick I have taken has been school Ist XV and A-level Maths 
Group ITI or IV at Oxford or Cambridge. 

The evidence I have covers five years at Fettes College, in which time seven 
boys got A-Level Maths and were in the Ist XV: of the seven, six were three- 
quarters and the seventh was a wing forward (and also a bad mathematician 
who was lucky to get his Group IV). 

The connection first occurred to me at Edinburgh University, where I 
noticed that the only four members of the Honours Maths class who played 
senior rugby were all threequarters. 

If anyone wishes to send me figures from their experience I would be pleased 
to analyse them. 


Yours ete., Bruce M. McKenzie 
Priory House, Priory Road, Stamford, Lincolnshire 


To the Editor of the Mathematical Gazette 
Str,—The recent review of Professor Tarski’s Logic, Semantics and Meta- 
mathematics refers to the loss which foundation studies sustained in the tragic 
death in a motor accident of Dr. J. Kalicki, a young colleague of Professor 
Tarski’s. I wish to point out that Dr. Kalicki himself was the driver of the 
car in which the accident occurred, and not Professor Tarski, as the reviewer 
Princeton University Yours, etc., Dana Scorr 


QUERY 
Can any reader throw light on the following definition, or suggest 
polyhedra which conform to it? et 
Doubly reversible polyhedron. A polyhedron which exhibits, in the faces 
the base, a series repeated twice. So in a trebly reversible 
polyhedron, etc., the series is repeated thrice, etc. 
Source : Century Dictionary, 1889, 
Credit : Prof. Pierce. HMC, 
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ANTICIPATING THE WORK OF THE SIXTH FORM 
By E. Gnong WotsteNnHOLME 





The main object of this addresst is not so much to express my own views 
on the matter, as to stimulate discussion among the many e i 
teachers here, which may encourage the inexperienced, or timid, teacher to 
loose his grim grip on the printed examination syllabus, and refresh himself 
and his pupils by occasional profitable digressions from the printed path. 

By “ anticipating the work of the Sixth Form” I am assuming that we 
mean providing the pupil with such mathematical training in the main school 
that he reaches the Sixth Form with a mind which is eager, alert, and in- 
quisitive, and with a sufficient equipment of mathematical knowledge to 
enable him to explore some of the mathematical realms which are awaiting 
his attention. 

There seem to be three main methods by which we may attempt to attain 
this objective : 

First comes the way in which every mathematical topic is presented, from 
the first day the pupil enters the school, so that in the most elementary work 
he realises that understanding is his business, not the acquisition of tricks 
whereby an approved answer may be obtained. 

Second come informal excursions into topics not usually included in the 
main-school syllabus ; such excursions will be made to satisfy the curiosity 
of the class concerning the application, or possible extension, of the work in 
hand. 

Third comes the formal course which will include calculus, theoretical 
trigonometry, applied mathematics, and coordinate geometry. 

Let us consider first the method of presentation. This is the most impor- 
tant of the three methods I have proposed, and indeed, pervades the other 
two, for it is in its presentation that mathematics may be transformed from 
a mere subject of instruction, to an inspiration to the pupil, and thus become 
a true vehicle of education. To inspire the pupil mathematically the subject 
must be presented in such a way that his mind is completely absorbed in the 
problem in hand; sufficient guidance must be given to prevent the pupil 
from becoming frustrated by his impotence, and yet help must be withheld 
to such an extent that the pupil is always striving to make the next 
himself—and that he makes it unaided, the teacner’s task being, not to 
the pupil what to do, but to ensure that the steps attempted are within his 
mental capacity. It is fatally easy to teach mathematical processes in a 
purely authoritarian manner, so that the reasonably industrious pupil can 
learn how to achieve the right answer to a specified type of problem. Such 
teaching may produce fairly good examination results up to a certain not-very- 
high level, but it certainly will not produce mathematicians ; the clever pupil 
will be discouraged by boredom, the weak pupil will be mystified, and the 
mediocre pupil will painfully perform the allotted task without interest or 
enthusiasm. A good mathematics lesson should be as much fun as a game of 

or an afternoon’s rowing, and this can only be accomplished by 
planning the lesson so that the pupil is, as I have already said, always striv- 
ing to discover facts for himself. To take a very elementary example let us 
consider the use of indices. The pupil may be told that it is usual to write 
axa xa... n times as a"; leave it to him to discover that a” xa" =a™*" by 
working from the definition with simple numeral examples, writing out 
a® xa‘ =(a xa xa)x(axaxax)=a" etc., until he sees the labour-saving 
device of adding the indices. Geometry provides many opportunities for the 
thrill of discovery, and also for the thrill of logical justification of an intuitive 


+ At a Meeting of the Exeter Branch of the Mathematical Association, April, (1957. 
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hunch. The love of logical exposition seems to be a more mature taste, 
though it can be inculcated and encouraged from very early stages, if care is 
taken to grade the problems so that at first the pupil is only required to make 
one deductive step ; soon he will be required to make two deductive steps, 
and the number of independent deductive steps will then be increased only 
when, and as, the class shows that it is ready to cope with such situations. 

Another way in which the presentation of the most ordinary subject- 
matter can help to create the future mathematician is in the setting down of 
examples. The insistence on clear statements and careful paragraphing make 
the pupil himself think clearly and acquire a nice use of words. A good 
device for encouraging the nice use of words is to let the pupils themselves 

the enunciation of the theorems they discover in class. A concerted 
effort of the whole class will often produce an astonishingly good statement, 
so that with very little “ polishing-up” it may be written down neatly and 
kept for reference. 

Then again, many problems are capable of several soluti 
the children to devise alternative solutions—teach them to be dissatisfied 
with clumsy algebraic expressions—teach them to be unhappy if they have 
not exploited all the possibilities of a geometrical diagram. 

Let us now turn from the presentation of the subject-matter to the subject- 
matter itself. The syllabus for the main school will presumably have been 
devised so as to cover the topics demanded by the examining body favoured 
by the school, and also those other topics which the teacher himself considers 
essential for the good general education of the average pupil. 

As he proceeds up the school, learning new facts, or acquiring new mathe- 
matical tools, the pupil should ask himself what other uses these tools can be 
aah gph we iy mmecticanigh ya ag teehee cas oe tara onan 

knows, or perhaps a sequence of similar facts deduced along parallel lines. 
If this curiosity can be stimulated by even a small glance at the vast world 
of Mathematics which lies beyond the main-school course, much will have 
been done to produce in the pupil that mathematical mind which we wish 
him to have. 

Consider, for example, loci. Most ils who do not make a ial stad 
of mathmndtion tn Ge Sixth Foeue Ioove sehasl ‘eith on idee Shee 6 ; 
is a subject concerning straight lines, with a few circles thrown in for good 


parabola, the ellipse, and the hyperbola? And at the same time, why not 

grasp the opportunity to emphasise that the graphs drawn on squared 
algebraically loci whose essential character is no dif- 

ferent from the i expressed loci? And again, the duality which 

exists between lines and points can be exploited by a very elementary and 

purely practical consideration of envelopes. 

Or to take another example, suppose we consider logarithms. Because of 


to let the construct their own log tables to some base, such as 2, 
so that when even the base e is it will not b« such a shock to 
be to use a base other than 10. Moreover, children may 


Or yet another example could be taken by considering numbers. The way 
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to the later consideration of complex numbers may well be paved by the 
insistence, at every stage of the work, that each successive new type of number, 
be itnatural number, fraction, negative number, or irrational number, isinvented 
to fill a mathematical need, and which must be given its rules of manipulation 
so that it supplements the previous scheme, without in any way upsetting 
it. Here I should like to make @ special plea against the iniquitous practice 
of telling pupils that i=./-1 and is a useful “ getout ” for otherwise in- 
soluble quadratic equations. I don’t suppose anyone here tonight would 
be so wicked, this is merely a plea to eradicate it when and if you meet it. 

The conception of limits can be introduced in the discussion of tangents. 
Here it is wise to discuss tangents to circles in conjunction with tangents to 
the various other curves which may be drawn on graph paper. 

Or again, the curious pupil will not be satisfied with the tedious arith- 
metical method of working out compound interest sums, and with a quick divi- 
sion one may well have time to discuss Arithmetic and Geometric Progressions, 
with their applications to simple and compound interest, with even a further 
digression to discuss Investments and Annuities. 

The primary aim of the few digressions I have mentioned, and the many 
more I expect you have been thinking of, is to lure the mind of the pupil 
from the purely metrical aspects of the subject, and induce him at least to 
see the possibilities of a more generalised Mathematics. The prospect is at 
first bewildering, and frequent returns to the safety of definite and real 
numbers are necessary, though to the better divisions the prospect of sym- 
bolic mathematics should become more and more attractive, and the neces- 
sity to pin the work down to a numerical basis less and less urgent. 

Finally let us consider the formal course with a syllabus definitely more 
advanced than that of the ordinary main-school course. Attending such a 
course gives the budding mathematician his first opportunity to work with 
symbols instead of numbers, and to treat the symbols as existing in their 
own rights, not as inferior substitutes for numbers. Providing such a course 
gives the teacher « real opportunity to inculcate in his pupils the mental 
attitude he wants his future specialists to have. 

If some calculus has not been included in the main-school course, it will 
certainly be included in this course, and even if it has been included in the 
main-school course, there will be considerably more calculus in this special 
course. Calculus, I think, provides one of the best elementary means of 
pero ne il to think mathematically, and also perhaps, is the subject 

most dangerously capable of providing a mathematical tool to be used auto- 

matically and without understanding. The idea of limits will already be 
familiar, and so also will the conception of the gradient of a curve, so that 
the pupil will not take too unkindly to the idea of finding the ratio of two 
small quantities, and the limiting value of such a ratio. The pupil will realise 
the immense potentialities of this new technique and will be anxious to 
explore this exciting new world of differential calculus. It is well, however, 
to keep his speed in check, otherwise his anxiety to exploit the new method 
may result in his losing sight of the basic principles involved. With this in 
mind, I seldom permit the use of the second derivative in the discussion of 
maxima and minima until a very considerable amount of work has been done 

by considering the variations in sign of the first derivative—often not until 
We seuadirSiebksiaies aut ibtianis tee adaaieh saa: The work in Calculus 
and Coordinate Geometry opens the door which will lead eventually to 
abstract mathematics, and it is with that end in view that the early work should 
be planned. Nothing should be taught, or implied, or assumed which will 
later have to be repudiated, for intellectual honesty and integrity are the 
most valuable attributes of a mathematical mind. 

In this formal pre-Sixth Form course I would always include Applied 
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Mathematics for its mathematical value, showing how mathematics can be 
used to discover the probable behaviour of the physical world, and also how, 
by applying pure mathematics to the observable behaviour of the physical 


mathematics for the purely practical 

makes the average pupil, who will one day be the average non-mathematical 
adult, aware of various natural phenomena which hitherto he has hardly 
noticed. It will also make h'm aware of the probable behaviour of, say, balls 
projected freely under graviiy, of pile-drivers, of balls which are hit, or kicked. 
He will begin to understand tacking in sailing, he will be thrilled at the 
applications of his statics to find centres of gravity, resultant forces, stresses 
in beams, etc. 

I should like to finish with a plea for the inclusion in the Mathematics course 
of historical references. The history of the subject can, I am sure, be made 
both interesting and a source of inspiration to the student. What could be 

interesting than to see the study of series develop from the early 


geometry of the last century? At a very early stage, when the child first 
to translate a verbal statement into a literal formula, he will be in- 

to hear that such work was once a matter of serious mathematical 

h, and he will surely be enthralled by an account of Diophantine 

. And is no inspiration to be derived from the develop- 


syncopated algebra. 
ment of the theory of numbers, from man’s first efforts to count, to the study, 
of the real and complex variable and the modern study of 








1913. Mr. F. C. Bell, assistant secretary, tried to 
spective. With the danger, he argued, went a 20 
realized, he wondered, that a pound of uranium 

u drive a train from Euston to Glasgow 
Times, July 8, 1955. (Per Mr. P. W. P. Browne.] 

1914. I shall never forget seeing a young man at 
a child the relations of contours and surfaces by 

cakes among every geometrical 
had exhausted the art of Archimedes to find which were the bi 

J.J. Rousseau, Emile, p. 111. [Per Mr. L. W. H. 
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CAREERS FOR WOMEN GRADUATES IN MATHEMATICS 
By I. W. Bussripce 


The question is often asked, ‘‘ What can a woman do if she has a degree in 
mathematics and does not wish to teach?’ Thirty years ago this was a very 
real problem, but today no woman mathematician need fear that she will be 
unable to find suitable employment. Most of the careers mentioned in this 
article are ones which the writer’s own pupils have taken up (or given up!). 
It is hoped that this will be the first of a series of articles dealing with careers 
for boys and girls with a mathematical bent. 

It must in the first place be emphasised that all careers for which the require- 
ments are a university education, a good personality, and a helpful outlook 
on life, are open to the mathematician as well as to the arts graduate. One 
of my pupils has become a House Property Manager. The training for this 
combines practical work on a housing estate with study for an approved 
technical examination. The period of training usually lasts for two years, 
but the trainee is paid a small salary. Another pupil is a Hospital Almoner, 
for which the training is also two years. During tha first year the trainee 
studies for a diploma in social science and her practi +1 training comes mainly 
into the second year. 

Mathematicians can, of course, compete for the Administrative Branch of 
the Civil Service (and other branches), but few have a sufficient knowledge of 
world events to stand up to the gruelling viva. The Patents Office takes a 
few mathematicians, but most of the posts of interest to mathematicians 
come under the Scientific Civil Service. For this there are two modes of 
recruitment. Application can be made to the Civil Service Commissioners 
for appointment to permanent posts, but new graduates are seldom, if ever, 
succeessful. Alternatively, application can be made direct to some Govern- 
ment Department or Research Establishment for appointment to a post 
which is “‘ temporary ” in the first instance, but which can become “ estab- 
lished ” after two or three years if the mathematician does well. Many of 
these posts involve interesting work and they are open to women as well as 
men. Several of my pupils have been at the Royal Aircraft Establishment 
and all have been engaged on interesting work. 

For women with an interest in Statistics there are some good Civil Service 
posts. For the highest positions recruitment is, in general, by examination, 
but there are lesser posts of an interesting kind. One of my pupils is in the 
department concerned with Social Surveys. She is employed on the collec- 
tion and presentation of data about subjects such as “‘ Government hearing 
aids ” and “ Boarded-out Children ”’. Another has just been appointed to a 
statistical post in Nigeria (under the Colonial Office). 

There appears to be a shortage of well-qualified statisticians. A university 
certificate or diploma involves from one to two years of post-graduate work, 
but in the end, the statistician is likely to have the choice of several well-paid 
posts. Alternatively, some people work for the examinations of the Royal 
Statistical Society whilst doing a full-time job. 

In Government research establishments, industry, and the universities, 
more and more electronic — a are being installed. Even city councils” 
are beginning to acquire them. Linear Programming provides interesting 
work for anyone with a mathematical bent and women are well suited for 
this work. If the veer rare time Mew edie sso out the pay pac eo 
academic qualifications are unnecessary, anyone programming re- 
search problems should have very considerable mathematical ability. 

Industry is, in general, reluctant to employ women mathematicians for 
anything except routine work, where women seem to be more uncomplaining 
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than men. However, a few large firms have begun to use women for impor- 
tant and interesting work, such as the performance of aircraft, linear pro- 
gramming, etc. Some firms manufacturing goods for domestic use employ 
few women mathematicians for market research. Any training is given by 
the firm, and this may involve practical work in the form of door-to-door 
enquiries in some large city. To survive this treatment, one must believe in 
the value of the commodity! 

Work in industry often involves very long hours. This is i true 
of the printing industry, where some mathematicians are as readers. 
At least one well-known printing firm makes the readers clock-»: at 8 a.m., 
and they do not clock-out until 5.30 p.m. 

¥t is now possible for women to take up Actuarial Work and Accountancy, 
but the prospects are much less good for a woman than for a man. The 
training im each case is iong, and that for an actuary may take five or six 
years after a university degree. The student is paid a salary which starts 
low and increases with each examination passed. Two of my pupils started 
on the actuarial training, but both are now in the teaching profession. One 
of them wrote to me that the work which she was doing “ could be equally 
well done by a well-constructed robot ”’, but that her “ lessons, however bad, 
could have been given by no one else in the world! ” 

Finally, what about matrimony? Some girls with a mathematical bent 
refuse to study mathematics beyond O-level of the G.C.E. because it spoils 
their chances of marriage. On the other hand, the reason advanced by many 
industrial firms for not employing women mathematicians is that they all 
leave to get married! In my own experience the industrialists are right. 
The teaching profession owes many recruits to matrimony and these women 
are helping to solve the problem of the supply of junior mathematics mis- 
tresses, but few of them are likely to take senior posts. There is now a 
shortage of senior mathematics mistresses. How is that problem to be solved 
St. Hugh’s College, Oxford L.W.B. 
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1915. On the opposite wall he could see the six-inch map of the Chaddes- 
bourne estate, its irregular equilateral triangle outlined with a wash of red 
water-colour. That shape, which he had always considered as permanent and 
immutable as the triangular outline of England itself, no longer represented 
—F. B. Young, This Little World. [Per Mr. B. J. Barnes} 
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1916. Time (7) ==. gan ch (eiving the answer in feet) Gravity in 


London is given as 32:19. Pi equals 3-14159. Although the correct value of 
is 3-14159, 3-1416 or even 3-14 are used unless very close calculations are - 


quired. 
If it is required to find the time taken for one vibration of a 12 in. pendulum. 
the calculation is : neha 


3-14159 / L 
*A/ 39-19 


As the square root of 32-19 is 5-67434, the equation becomes 3-14159 x 
seit the 
567494’ Siving length as 0-553 seconds. Thus, a pendulum 12 in. long 


performs one vibration in 0-553 secs.— Watchmaker, Jeweller and Silversmith, 
August, 1955. [Per Mr. M. A. Porter.]} 
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WHY MATHEMATICS? 
By W. G. Bioxtry 


Most of us, I suppose, can quote a few phrases read or heard, which have 
greatly affected our outlook on life in general and our own work in particular. 
Of about half a dozen such, two came vividly into my mind as I recently 
attended, at the University of London Institute of Education, a course of 
lectures in which a closer link between the sixth form and the University 
courses in mathematics was sought. The first goes back to my youth, and 
comes from Ruskin—‘‘ Know what you have to do—and do it!” Ruskin 
goes on to say that insufficiency of means is far less frequently a source of 
failure than an inadequate understanding of the thing to be done. The 
second is more recent, and came as a gentle rebuke from more than one of 
the nurses at St. Bartholomew’s Hospital, during my stay there after becom- 
ing blind, when I apologetically asked for some small non-routine service— 
‘* What are we here for?’ Surely Ruskin’s precept and the nurses’ question 
are very relevant to our work. 

What, then, qua teachers of mathematics, are we here for, and what have 
we to do? In other words, what is mathematics for? Surely the answer is 
not remote, or difficult to formulate. The function of mathematics is the 
same as that of all other worthy—and of some unworthy—fields of human 
endeavour: to satisfy some human needs and desires. It is not, any more 
than anything else—except perhaps death—an end in itself, but is a means 
to other ends. 

Some will tell you that mathematics is the Queen of the Sciences ; others 
that she is their handmaiden. I suggest that the latter is the more honourable 
function. The 3-4-5 triangle was known as a piece of technological know-how 
by the Egyptian surveyors and was not discovered by Pythagoras or by 
Euclid. Zero was invented by the mediaeval merchants. Logarithms were 
sought for, and trigonometry developed, to aid the navigators who roamed 
the world after Columbus discovered America. Newton invented the Dif- 
ferential and Integral Calculus as a tool to explain the cosmology to which he 
had been led by the work of Copernicus and Kepler. Radio waves were dis- 
covered because Hertz tried to verify the results of Maxwell’s mathematics, 
which in its turn was based on the experimental discoveries of Faraday. 
More recently the work of Heaviside has led to the extensive study of the 
Laplace transform, and towards the Atlantic telephone. The techniques of 
the modern automatic computer threaten completely to revolutionise the 
administration of industry and commerce, and even of government itself. 
co science, and technology—each nourishes, and is nourished by 
the other two. 

What, then, are we teachers of mathernatics here for, and what have we to 
do? Surely to show our pupils and students how this strand of mathematics 
is woven into the fabric of life. We must instil into them the desire to learn, 
and then aid taeir quest for knowledge. 

For most of them, mathematics will be an ancillary subject, means to some 
extra-mathematical end. Even for those few who specialise in mathematics, 
and become professional mathematicians, the same will be, in the main, true. 
In their professional work they will, except in the rarest cases, whether indi- 
vidually, or as members of some team or institution, “ apply ” their mathe- 
matics to some other field. On the other hand, however, many will not make 
much use of mathematics at all beyond the fifth form. All the more need, 
therefore, in view of the fundamental role which mathematics plays in the 
foundations of our scientific and technological civilization, that these boys 
and girls should also understand something of what mathematics is, what it 
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does, and how it does it. For both groups, the teaching of mathematics should 
be firmly anchored to reality. 

But what, some of you—if you have followed me so far—will say, what is 
to be done for those who will ultimately enter the inner shrine, and especially 
those destined to become first-class ““ pure” mathematicians? There is, 
really, little we can do for them—they do it for themselves—except create a 
mathematical climate in which their genius can flourish and ripen. The best 
thing we can do for them is to raise the general tone of mathematical teaching. : 

This applies at all levels. We in the universities are very dependent upon | 
the work done in the secondary schools, and they in their turn on that done 
in the primary schools. May we exaggerate somewhat, and say that many 
who teach in the lower forms do not know enough mathematics, and many of 
those who teach the sixth forms do not know anything else? What seems to 
3 me most necessary is @ néw outlook on the subject, on the lines already 
e indicated in the foregoing. 

9 Mathematics is ultimately a set of abstractions. But we must not supply 

“ these abstractions ready-made. Ee ee 

4 | rwereg where they can—where they must—make them for themselves. 
uch has been written about the improvement of mathematical 

But the pioneer work of such men as John Perry, W. C. Fletcher, Percy Nunn, 

Godfrey and Siddons—to mention a few—work done when I was unborn or 

during my boyhood, has not yet been properly absorbed into the philosophy 


«Ear in dou 
is no doubt that—measured by the examination yard-stick—elemen- 
tary geometry is by far the least successful of the subjects usually regarded 
+ 28 part of school mathematics. Partly this is due to the unresolved, and often 
subconscious, doubt in the minds of many teachers whether are to teach 
q space knowledge or logic. Partly, too, it is due to what one of Mr. Siddons’ 
less able, but more perceptive, pupils discerned in the nature of the subject, 
that it is “‘ a series of flukes”. But what form do the majority of the exercises 
in most of our text-books (not only of geometry) take? “ Prove this,” “ solve 
a that” . . . and who cares, or is likely to care, unless they have developed that 
fe popular apotheosis of modern culture the “ cross-word mind ”? Puzzles, not 
unless 
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BEGINNERS’ CORNER 


This corner is intended for members who are not yet frequent contributors 
to the Gazette. Regular contributors are invited to write opening sections of 
articles on elementary topics, and new-comers are invited to continue them 
in any way that seems to arise naturally. 

1. Triangles whose angles are in arithmetic progression. 

Let ABC be a triangle whose angles are in arithmetic progression. The 
“‘ middle ” angle is then 60°; call it A. 

An obvious triangle to consider is one in which 

A=60°, B=40°, C=80°, 
and an obvious starting-point is to draw the bisectors AP, BQ, OR of the 
vertical angles, meeting in the in-centre I. 





B P Cc 
Fre, 1. 


The triangle RBC is isosceles (100°, 40°, 40°), so that 
RB=RC, 

and the triangle BQC is isosceles (20°, 80°, 80°), so that 
BQ =BC. 


The angles round J are 50°, 60°, 70°, which are also in arithmetic progres- 
sion, and so the triangle CPI is isosceles (40°, 70°, 70°), giving 
CP =CI. 
Also 2 QIC =60° =2 RAQ, so that the quadrilateral IRAQ is cyclic; but 
AI bisects the angle RAQ, so that 
IR =IQ. 
Hence the triangle IQR is isosceles (120°, 30°, 30°). 


ne ee er 60°, 70°, in arith- 
that the triangles CIQ, CAR are of 40°, 60°, 80° type ; 


metic progression ; 
and that the anglee of the triangle BIR are 20°, 60°, 100°, also in arithmetic 
progression. 
E. A. MaxwELt 
H 
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2. Triangles whose sides are in geometric progression. 
Let ABC be « triangle whose sides are 
BC=1, CA=2, AB=z2z"*. 
By the triangle inequalities, 
e+2'>1, 2*+1>2,1l+2>2%. 

There is no real loss of generality if we take x<1, so that BC is the largest 
side and AB the smallest. The two inequalities z*+1>2 and 1+2>2* are 
then satisfied automatically. The other is 


5 
2 “ 
a+x2+}> i 
or (each side being positive) 
5 
2+}> >? P 
so that 
/5 -— 
3 emai: 
The ratio (./5 -1)/2 will be recognised as that occurring in the theory of 
** golden section ”’. 
A 





Fie, 2, 
Let the circle be drawn passing thro B touching AC at A and meeting 
BO again at U. Then the triangles ABC, UAC are similar, so that 
UC=2', AU=z"*. 
In this way, a chain of triangles, of sides 
: a, amt, ants 
may be constructed. 


3. A “‘ Feuerbach ” problem. 











nein tne teehee 
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14, Evaluation of a well-known determinant in Co-ordinate Geometry. 
I find the following method of evaluating the determinant 
ahgiu 
hoffe» 
g few 
uvwed 
simpler and neater than the conventional methods given in standard text- 
books 
Putting D= h g |, and denoting the co-factors of a, h, g, ... in D 
J 
fe 








(Au + Hv + Gw) 
(Hu + Bo + Fw) 
(Gu = +Cw) 


O|.J@a hg usl=|/D 0 
0 a ee © 0 D 
0 g few 0 0 
1 uvw 
u 


Sycoo 


d uv 


= -(Au+Hv+G@w)uD* +(Hu+ Bo + Fw) .( -—vD*) 
—(Gu + Fv +Cw) . (wD*) +dD* 


= -(Au* + Bu* + Cw" + 2F ow + 2Gwu + 2Huv) D* 


Hence D* 
+dD*, 


= —(Au* + Bo* + Cw* + 2F ow + 2Gwu + 2Huv) 


and so 
+dD. 


en ran 22 Oe 
Sor eo > 
go g oe 


Reese ages 


On putting d=0, 
= —(Au* + Bu? + Cw* + 2F vow + 2Gwn + 2Huv). 








ea >a 
eso | 
goo 
oser 


Lingaraj College, Belgaum, India M. 8S. Trast 
15. Calculation of Logarithms. 

I have always felt that it would be useful in teaching logarithms to be able 
to show how one could calculate logarithms to four significant figures by an 
elementary method not involving the exponential or logarithmic series. To 
show the method used by Napier is too long, but one can adapt it in the 
following way. 

Make a table of values of a", where a=1-001, from n=1 to 13, and also 
tables of powers of 2 and 3. One can then find products of powers of 2, 3 
and 10 which lie between a’ and a”, e.g. 


3 2" 8192 


3*. 10’ 270000000 
and on = 568495456 = 1-005828380. 
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Linear interpolation from the table of a" gives the logarithms of these 

numbers to base a, and hence we find 
4 log, 3 —3 log, 2 — log, 10 =log, 1-0125 
433780 


12 + 70120662 a 1B-4B8608.  ..cccccoccccess (1) 

Similar! 
’ 13 log, 2-4 log, 3 —2 log, 1011-299548, ...........+0+00 (2) 
3 log, 3 +7 log, 10 — 28 log, 2 5-814290. ...........00008 (3) 


Solving (1), (2) and (3), 
log, 102303-71, log, 2693-486, log, 3=1099-15. 


Whence logy» 2 =log, 2/log, 10=0-30103 
and log,» 3=-0-47712. 
In the same way by making use of the facts that 
3.78 11" 7.13 17? 19* 





ae ° 2*.3.10° 3*.10° 2.3% ” 2*.3*. 10 


all lie between a and a™ we can find the logarithms of 7, 11, 13, 17, 19 to 
base a and hence to base 10. From these, and the logarithms of 2 and 3, a 
table of logarithms of numbers from 1 to 10 at intervals of 0-5 can be made, 
and the answers are all correct to four significant figures. 
If we define ¢ by lim {1 +(1/n)}", then e=(1-001)" =6, say. Then 

log, 6=1000 and log, 10<2303-71, 

and hence 
log, 10=2-30371, 


ee ee ee 
If the binomial theorem is known to the pupils this can be improved on 


as follows. 
If c=1-000001, 


19 =~ 1-0010005 by the binomial theorem: 
=q)-00s069 by linear interpolation, 
and hence if b’ =c'* 
log, 6’ =1-00049959 x 10° = 1000-49959, 


,. 230371 , 
whence log,, 6 = 100050 =2-3026, which is very close to log, 10. 


Woolwich Polytechnic H. V. Lowry 


16. 5 AT A RT TH 

The interesting short Miss Sheila M. Edmonds [1] and the two 
castnes uner fh ox dire ve reminded me of the ing si 
proof, which occurred to me some years ago, of the well-known theorem 
the sum of the cubes of the first n na numbers is equal to the square of 
their sum. 


Let 








tig = Zr =jn(n +1). 
rol 
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Then , U_ —Ug-1 =n, 
and U, +U,_, =n". 
Hence, by multiplication 
2 


og eS . Ras: Se (1) 


and, consequently, by summation, it follows that 
2 n 
Un= Zr, 
r=1 
n 2 n 
te. z r) = Jr*. 
=i r=1 
Several other interesting results can be obtained in this simple way. For 
example, since 
eT ig ak | EE eae sete (2) 


it follows, by muhiplying (1) and (2) and summing, that 


us =} Er +r), 


n - n n 
i.e. 2 Fr) =F r+ Tr. 
=1 r=1 r=1 
Similarly, we can easily deduce that 
u3 —uS_, =jn*(3n* +1), 
and hence it follows that 
cn s ” n 
4 Jr) =3 FJ f+ Ze’. 
\pml r=1 r=1 
Imperial College of Science and Technology, London, S.W.7. G. J. Warrrow 


REFERENCES 


1. Sheila M. Edmonds, Math, Gaz., XLI (1957), 187-8. 
2. A. N. Nicholson, ibid., Note 2678 ; R. F. Wheeler, ibid., Note 2687. 


17. A note on convergence (supplement to Note 2704). 
The proof that (log n)/n—+0 as n—->0o does not need any advanced knowledge 
as the last sentence of Note 2704 perhaps suggests. We start by proving the 


inequality 

OP D> Mm (aM +1) on ccc ccccecescestersseccvcersseevoced (1) 
for integral m. The inequality holds for m=0, 1 and if it holds for m=k>1 
then 


10*+* =10 . 10*>(14+2/k) . k(k +1) =(k +1)(k +2), 
so that (1) holds with m =k +1, whence by induction it holds for all m. 
Given any n>1, n lies between 10" amd 10”+* for some m and so 


RR 
bogn m+ 


eneeens Ene 


n 10" m 


which proves that (log n)/n—>0 as noo. 
24 Lonsdale Road, Bournemouth C. O. Tuckzsy 
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18. Geometrical proofs of some formulae for tangents. 
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Fie, 1. Fic. 


Draw PQ of unit length. 
Construct right-angled triangles SPQ, TPQ (as in fig. 1) so that 
LSPQ=A and LTPQ=B. 


Let O be the centre of the circumcircle of ASPT'. 
isp mind ite to ST and ON perp. to PR. 


. N is midpoint of PR, M is midpoint of ST and SOM = (A +B). 


25M ST TS 
“, tan (4 +B)=355=pg-PNiNR-ORPOQ-OR 
But PQ.QR=SQ.QT; .. QR=tanA tan B. 
tan A +tan B : 
l-—tanA tan B 





*, tan (A +B)= 
In fig. 2 
ee ee a 
But QR .QP=QT .QS; 


A tan A -tan B 
- ton (4 -B)e ae 
In fig. 3 


let POM =z bisected by ON meeting PM| OM in N. 
Let GON =45° where @ lies on MNP produced. 
, PQ=OP. 


+, tan (2/2 + 0/4) =O OP +PM 


OM 
_ Derby College of Technology A. J. L. Avery, W. J. Faarn 





=sec x +tan 2. 























RUNS 


100 
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19. Cricket Averages 


The following problem is typical of a class of average problems which from 
time to time are brought to teachers of mathematics by their pupils (and 
even by their colleagues) with requests for explanations and often with 
derogatory remarks on their subject. 

Two cricketers, A and B, have each taken 28 wickets for 60 runs. In the 
next match A takes 4 wickets for 36 runs and B takes | wicket for 27 runs. 
At first sight A has the better bowling result. But on adding the runs and 
wickets we find that A has taken 32 wickets for 96 runs, an average of 3, 
while B has taken 29 wickets for 87 runs, an average of 3 also. Thus although 
common sense indicates that A has bowled better than B, the mathematical 
average implies that they have bowled equally well. 

Some thought on this problem led to a graphical illustration which gave 
some satisfaction to pupils and which can be used for the construction of 
similar problems. If the wickets and runs are plotted on the z and y axes 
respectively, the gradient of a line represents the bowling average. In Fig. 1 
the gradient of OP represents the common average of 24; that of PQ, A’s 
average of 9; and that of PR, B’s average of 27. Since the points O, R, Q 
are collinear, the final averages of A and B are the same. 


i 












5 10 15 20 26 
WICKETS 
Fie. 1. 





120 THE MATHEMATICAL GAZETTE 


Using this graphical representation it is easy to construct a problem in 
which A has a higher average than B in a first group of matches and also in 
a second group, and yet over the combined groups A has a lower average 
than B. Fig. 2 illustrates such a problem. The figures obtained from this 
diagram are: A takes 10 for 26 (OP, average 2-6), while B takes 10 for 22 
(OR, average 2-2); A takes 5 for 44 (PQ, average 8-8), while B takes 10 for 
78 (RT, average 7:8); over the combined groups, A takes 15 for 70 (0Q, 
average 4%) while B takes 20 for 100 (O7', average 5). 


RUNS 
100 r 











WICKETS 
Fie. 2. 


This method of illustration draws attention to the fact that bowling averages 
are really rates and that, just as when considering average speeds we need to 
take account of the time for which each speed is maintained, so when con- 
sidering bowling averages we need to take account of the number of wickets 
for which each average has been calculated. 

Woodhouse Grove School, Bradford R. L. Bour 


20. Tangents from a point to a conic. 


1. Four well-known theorems about the tangents from a point P to a 
central conic are : 
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(i) if the tangents from P are perpendicular, then P lies on a circle (the 
director circle); (ii) if each tangent from P is perpendicular to one 
of the lines joining P to the foci, then P lies on a circle (the auxiliary circle) ; 
(iii) the tangents from P make equal angles (taking no account of sense) with 
the lines joining P to the foci; (iv) if P lies on the conic, the tangent at P 
makes equal angles (taking no account of sense) with the lines joining P to the 
foci. 


These theorems can all be proved by making use of an equation for the 
pair of tangents. 
2. The equation of the conic, referred to its principal axes, is 
SNE AM tS. sun ucenstnredonpedinastitcmten-tie (2) 


where a>b. Let the coordinates of P be (z,,y,). Any line through P may be 
expressed parametri in the form z=2z,+rcosa, y=y,+rsina. The 
condition that the line should touch the conic is found by substituting these 
values for z and y in (1), and writing down the condition that the quadratic 
in r has equal roots. This gives 


(z,* —a@) sin*® « — 22,y, sin « cos a +(y,? —b)cos* a=0......00-006+ (2) 
We may work with the simpler form 
(2,* —a@) 8 — Qa yy yt + (yy? — b) =O «2... cere ee eeeeeees (3) 


where t=tan a, provided that we use (2) whenever cosa=0. The same 
convention is used in equations (4), (5), (6), (7). 


3. The condition that the tangents from P are perpendicular is that the 
product of the roots of (3) is -1. Thisgives 2,°+y,*=a@+6, which proves (i). 


4. The values of ¢ for the lines through P perpendicular to the tangents 
are minus the reciprocals of those for the tangents, so they satisfy the equation 


(ys? — b)t? + Qaryyyt + (ay? — a) =O... cece ee eee eee eens (4) 


The values of ¢ for the lines joining P to the foci (+ ./(a@ —5), 0) are given by 
eliminating r from x, +r cos a =+4,/(a - 6) and y, +r sin a =0, which gives 


[a,* — (a — 6) t* — ayy yt ty? =O ..... 2-0 0eeeeeees oseeseos (5) 
Now equations (4) and (5) are equivalent if z,* +y,* = @ which proves (ii). 
5. If the values of ¢ for a pair of lines are given by 


Ab* + 2HEF BHD, ....0cccrr.ceccccecvcceccececereces (6) 
then the values of ¢ for their angle bisectors are given by 
HP US BOD. ohio ccccetctees (7) 


Now in equations (3) and (5) the values of H are the same and the values 
of B-A are the same. Hence the tangents from P and the lines joining P 
to the foci have the same angle bisectors, which proves (iii). 

6. Theorem (iv) is the special case of theorem (iii) which arises when P 


University of Leicester E. J. F. Paomross 
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2760. General tests for divisibility. 

The Notes that have appeared on this subject in the Mathematical Gazette 
have prompted me to investigate whether there exist more powerful tests in 
which the number D, to be tested for divisibility by the prime number n, can 
be reduced successively by more than one digit at each operation. 

I have come to the conclusion that the tests given in the various Notes are 
all special cases of more powerful and more general tests which I shall now 
describe and prove. 

The problem is to find values of n, such that, if the product of n, and the 
last & digits of a number D is added to the remainder of D when these k 
digits are removed, then the resulting number will be divisible by n if and 

if D is. 
ow let n, be the integer having the smallest numerical value such that 
10*'n,=1(modn). Then if D=10*A +B, 


n,(10°4 +B)=A+nm,B (mod n), 
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: so that D will be divisible by n if and only if A +n,B is. H8nce, n, has the 
‘able 1 gives a few values of n, and others can be calculated readily, using 

congruence techniques. 

TABLE 1 

k=1 2 3 + 5 6 7 8 9 10 
‘ n=7 -2 -3 -1 2 3 1-2 -3 -1 2 
b 13 “ie oe ee eae eS, Sa oe ere re 
4 17 - 6 8 -6 -4 3 2 7 -1 5 -8 
3 19 . ££ 8 oer. =e F = 4 = 8 
Bs 23 7 3-2 9 - 6 4 6 -ll - 8 -10 
; 29 3 9-3 -6 Hh o.. 28 7-8 5 
5 31 - 3 9 4 -12 56 -15 14 -ll 2 - 6 
i 37 -ll 10 1 -ll 10 1 -ll 10 1 -ll 
: 41 -4 16 18 10 1-4 16 18 10 1 
43 Be 8) Gp Sap ges oF es Bo HY ops 
; 47 -14 8 -18 17 -3 -6 23 7-4 9 


Example. To Test 4779227210314752 for divisibility by 17. 
We proceed thus : 
47792272 19314752 
let stage: k=8,n,=-1: — 10314752 


‘37477629 (ignore final 0) 
2nd stage: k=3,m,=-6:  -4612 








Pea 
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A second table can be constructed giving values of ny, having the “ dual *’ 
that if the product of ny and any number of leading digits of D is 
displaced k’ piaces to the right and added to the remainder after these 
are removed, then the resulting number will be divisible by n if and only if 
D is. In this case, the fundamental congruence is 10" =ny (mod n), and the 
proof follows the same lines as before. 
For comparison with n, corresponding values of ny are shown in Table 2. 


TABLE 2 
V=1 2 3 q 5 6 7 8 9 10 
n=7 3 2-1-3 -2 1 3 2-1-3 
13 -3 -4 -1 3 4 1-3 -4 -1 3 
17 -7 -2 -3 4 6 - 8 6 -1 7 2 
19 - 9 56 -7 6 3-8 -4 -2 -1 9 
23 ° 8 ll -5 -—-4 6 -9 2-3 -+-7 
29 ° 13 14 - 56 8 -7 -12 -4 -ll 6 
31 ° 7 8 -13 - 6 2 -ilil 14-15 5 
37 - ill 1 10 -11 1 10 -ll 1 10 
41 ° 18 16-4 1 10 18 16-4 1 
43 : 14 ll -19 -18 - 8 6 17 -2 -20 
47 ° 6 13 -11 -16 -19 - 2 -20 -12 21 
Example. Employing both n, and ny techniques : 
To test 2202956466814693395 for divisibilility by 31 
Table 1: k=9,n,=2; 1629386790 
256 
Table 2: k’=6, ny, =2; 7664 
Table 1: k=3,n,=4; 368 
403 which is divisible by 31 by inspection. 
(3 stages). 


There are no doubt many short cuts that can be used in special cases, and 
as an example of one type, I shall, in testing for divisibility by 37, reduce a 
number of 28 digits to one of four digits in two stages (instead of the four required 
by the method described). 

pede y gay yy ny alee three equal segments, and to 
See 
respectively. 


Thus D = 1228938081399541 165828357687 
¥=9, n,=1; 1228938081 
k =9,n,=1; 888357657 
=3, ny =1; 2516 
42565 
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2761. On Note 2592. 

bar Pee smn gene Si ame Ra Snr a ta aera 
given in Note 2592 are, in fact, not fundamentally different. The fourth is 
merely the first reflected in a vertical or horizontal median, and the third 





nection. 

Warnsdorff’s Rule, which at best is of dubious utility, has here proved 
worse useless, leading not only to this duplication of results, but also to 
failure to discover the three other solutions which exist. 


the 


















































om Fee aes 
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The five solutions were shown in my article of Dec. 1940 (Gazette, Vol. 
XXIV, page 315), and are diagrammed in all their elegance herewith. The 
four results of Note 2592 are shown respectively by Fig. 1, Fig. 2, Vig. 2 
reflected, and Fig. 1 reflected. Figs. 3, 4 and 5 are quite distinct, and these 


five are the only possible solutions. 
17 Hill View, Ilminster. ae ae 


2762. Divisibility by 47. 
Mr. Langford (Note 2624) states that there is not a “ pretty reasonable ” 
test for divisibility by 47. The following is an attempt to remedy the lack of 


such a test. 
Example. To test 992354898. 


The left-hand digit is removed, multiplied by 6 and added to the number 
formed by the next two digits, numbers being reduced modulo 47 where 


convenient. 


We have 992354898 
5354898 (A) 
“184898 (B) 
43898 
1598 
188 
94 
(A) 6x9=54=7 
74+92=99=5 
(B) 6x5=30 ~ 


30 +35 =65 = 18, etc. 


All the lines are congruent modulo 47 so as 94 is divisible by 47, the original 
number is also. The process, of course, depends on the fact that 100 =6 


(mod 47). 
Sloane School, S.W. 10. A. C. Cossixs 


Editorial Note. The same test for divisibility was sent in by Mr. J. A. K. 
Kashangaki and Mr. D. H. Halfpenny. Cf. note 2760 above. 


2763. On the evaluation of log-sine integrals. 
Introduction. 


The values of [P" tog (sin. 0) ao and JF" tog? (sine) a are both well known— 


the former in particular is often used at an early stage in teaching the 
nieces 0 au aunmaple 0 Dee ee eee 


Higher powers 
to have been treated in the literature. We will show here how it is possible 
to evaluate the general expression of integral order: more specifically we 
shall obtain a recurrence relationship for Le, (7)= ~ [tog (2 sin 30) dé, a 
form from which the above integrals may be derived. 


1. Let T= |" eve ceunio do 
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-i[S log” (2 sin $0) da 
=- BE Lagas(n)- siedebacpivialcvensesccs (1) 
An alternative expression for J is simply 
[jetoe caiman do=(" 2° sine (40) do, 
and this may be evaluated in terms of the gamma function to give 
T= 2°V a F(§ + §a)[T (1 + $e). rrcccccceeecereeennneerees (2) 
The duplication formula for the gamma function can be written 
2°41 P42) Fh +42) =Va F(z), 
and if this be used to eliminate I'(} + 42) im (2) we find 
Taal (1 +2) E (1 + Bay}. -eecceeeeceseesecceseeeen snes (3) 


Let D"=(2)" and let Dp denote the result of putting 2=0 after the 
Differentiating (1) » times and taking z =0 gives 
L8q44 (7) = — DPI 
a — aD IL +a)/[ (1 + §a)]® orrcrecceeceecsecerere (4) 
from (3). 
2. We need the derivatives of the gamma function. It is best here to work 
with the logarithmic form. Let y= I'(1 +z)/[I'(1 +42)}* so that 
log y=log I'(1 +z) -2 log I'(1 +42), 
D* log y =D" log I'(1 +z) -2D* log I'(1 + $a). ..........e 0000s (5) 


Now (=)" log F(z) =(-1)"(n - 1)! E (¢ +r)-* from the expression for ¥(z), 


mo piven Seaaeet | Inocnting thin 5), with z=1+2 and 
ohn dihaemedind te eaten =0, s= = a ag : e 


D} log y =( - 1)*(m — 1)1(1 — 2*-*){ (mn). 
Hence, from Maclaurin’s expansion 


log y =F =( — 1)%(n ~ 1)1(1 = 2-)G(m) 


=e SER MOLINE, . occcsarpoqsocerastocamscesnd (6) 
since the mn =1 term vanishes. 
Accordingly y =e! ¥=exp {22(- Ina -2-")¢(m} and from (4) we 


get Le,,,,(7) = —xDpe" when fia) | is the function appearing in (6). 


3. Now there is no general expansion for e’), though when the coefficients 
ot /\s) exo saltably stated pastionlon snes may arise. In the present instance 
the coefficients of f(z) involve £6ak ck ebtnouahs Che aven-eeder eneltdiente 
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are connected via 7” and B, there is no com le relation for the odd 
orders. Accordingly no simple expression for e’) can be sought, and other 
methods must be found to evaluate the coefficients. 

Let ¥m=D™e?. Then ym,,=D™+ef = D™(De’) =D™(f’e’). 
Hence, using Leibnitz’s theorem, 
Yinaa =SO™*Mel +™O, f™ De! +™O, f™-) Def +... +™O,f"D™-1ef +f’ Def 
afl tel +O, fy, +O, flM—tdy, +... POLS Yeni +S Ys veeeee eee (7) 
In this equation take 7 =0 so that (Ym) ..0= -: im+1 (77). 


Lin ys(7) = — fy) +™O,f.™ La, (7) +... +™O, fo L8m (2) +foL8m41(7). 
Now La, (7) =0, fg =0 and f,™) =( - 1)™(m -1)1(1-2'-™Z(m). Hence 
Loy 49(7) =( — 1)"mi[w(1 — 2-)0 (mm +1) — (1 — 2°) (m — 1) Le, (2) /2! + 
+(1 ~ 29°") (m — 2) Le,(m)/31... +( — 1)"(1 — $) (2) Le, (r)/(m — 1)1). (8) 
4. Equation (8) is a recurrence relationship from which successive values 
may be calculated. The first few are 
Le,(n) = ~ |” log (2 sin 40) do =0 
Le,(2) = ~ [tog (2 sin $6) dd = ~#*/12 
Ley(n) =~ |" log® (2 sin 40) do = 5 ¢(3) 
lata) = - [Ftogs (2 sin 46) dé = ~19n*/240 


Le,(n) = ~ |" logs (2 sin 40) 40 =45" ¢(5) +52" ¢(3) 





Le,(n) = ~ |" tog (2 sin 4) do = - [ {*(3) +275n1/1344 | 


Beyond this the results become rather complicated, and the restriction of the 
expression for the odd orders to powers of w holds only up to the fifth— 
beyond that the odd-order {-functions also contribute. 


5. A similar though rather simpler analysis may be used to derive 
fj log" (tan 40) a0, 
and the more general form 
Jf tog £(2 sin 40)(2 008 40)7) de 
is also amenable to the same treatment. By expanding the logarithm in the 
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I. 5 *0, log" (2 sin 40) . PF log” (2 cos $0) d0 
or= 

and comparing coefficients of P’ it is possible to deduce the value of 

[F logs-r (2 sin 46) log” (2 008 46) d9. 
The analysis for this case is the same as in Section 1, but the function on the 
right of equation (4) is replaced by 

I(i +z) (1 +2P) 

P(1 +42) F(1 +4eP)F(1 +4214+P) 

The function f(z) which appears in equation (6) is accordingly modified to 


Sdstonssconcsoscoced (10) 





f(z)= 2 z= (- 1)"{1 +P" ~ (4)" - (RP)" - (41 +P)" 1 (n).......... (11) 
i ee ee ee eh ee 
[j 1og*((2:sin 46) (2.008 $0)?}d0 = - 2uf(3)(2(1 +P*) ~4(P +P9)}.....(12) 
On expanding the logarithm and comparing coefficients of P we get 


[f log? (2 sin $6) log (2 008 $0) d0="£(8). -..rovesenseeen (13) 

Enfield Laboratories. L. Lewin 
2754. Dipoles. 

The following method for deriving the electrostatic ial and intensity 


due to a dipole appears to have been omitted from standard texts, but 
in view of its directness of approach, it is thought that it can hardly be novel. 
The method is based upon the fact that the number (z*-y*) can be 
express a the salar product (x -—y). (x+y), where x and y are any two 
vectors of magnitudes z and y respectively. 

Potential. 
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_ ta — "Nira +7) 
Ta (T. +173) 
— els —T,) . (®s +1) 
TT a(T2 +71) 








Since r, -r, =t, then in the limit when etm and r,, tr, vans. 
Intensity. 
viel koe 
E=e{7 2} 
_ frat; —71°8s 
=e rr? } 
(r, ~-r,*)t, r,t i} . 
= 0 (a ated since f,=t +r, 
(ts —T,) - (Pe +81) (a* +1971 +r,°)_ et 
tyra" (7, +7) "re : 
and thus in the limit 
E- 3(m.rr m 
Rik sees in 
Mutual potential energy of two dipoles. 


Using the above expression for potential, together with the 
W =4 ZeV, it is clear that this method can be used to obtain the result 
m’.m 3(m’.r)(m.r) 
wise ial rs 

peer agp rai lag loading wget adiprame cde gro 
easily obtained by using the expression for intensity together with the 
formula W = —m’. E. 

18 Coteford Avenue, New Malden. B. J. PHr.irs 





Lamb (1, Synge and Griffith [2}, Rutherford [3]). For the standard case, 
where a point on the axis of symmetry is fixed and friction is neglected, the 
axis moves between two limiting inclinations to the vertical and its azimuthal 


(I) increase (or decrease) monotonically with time (direct motion), 
or (II) fluctuate with time so that the axis makes loops in space (loop 
motion). 
The transition ease between (I) and (II) ia cuspidal motion (Is), when 
intervals but The 


If A, A, C are the moments of inertia, M the mass and h the 
distance from the Saleh 0c then comiodl of tieb tap, them tien bulowens 


equations are 





130 THE MATHEMATICAL GAZETTE 


$4 (6* + d* sin® 6) +4On® + Mgh 008 =, ...00.0..ceeeeeee (1) 
A dain® 0 +On 00s 0 =H, .....ccscecseeeseee (2) 


where Z and H are constants and n, the spin, is also constant (cf. Rutherford 
[3}). The three constants n, Z and H fix the essential features of the motion. 
We shall see that the alternative set n, @, and @, is less restrictive, in that two 
values of H are possible, in general, when n, 6, and @, are specified. In the 
general case, we can take 0<0,<6,<2. The special cases where 6, =@, 
beg or where Ae Renn er eS 
will be ignored in the subsequent discussion. If we write H=Cnx and 
z=cos 6, with z,=cos 6,, z,=cos @,, then the restrictions on 6 imply that 
-1<z,<z,<1 and z, <z<z, during the motion. From equation (2), 


¢ =(H -Cn cos 6)/A sin* @ =(CnjA) (a -2)/(1 —2*), -..-.--000.000 (3) 


and thus ¢ is monotonic with time unless 21 <2 <2q. ++ eens seseeeeeeeeeeeerenes (4) 
Eliminating ¢ between (1) and (2) gives 
A*# sin* @ = A*#* =2A (1 —2*)(H - 4Cn* - Mghz) - C'n*(z -z)', 


and since 2 = Ot 500 8 te OE Oe ee ne = From 
these two equations, we can eliminate Z and get 


S (x) = (@y +2q)(1 +2") — 2a (1 +242) +8 =O, . 2... eeessee eens (5) 
where 
8 =(2MghA/CN*) sin* 0, Sim® Og. .....-...seceeeeeceeeeeee (6) 


Thus ¢ is positive, with ¢+0 as n+. For a given value of n, equation (5) 
gives two values of x, and hence of H, for which motion with 0,<0@ <0, is 
possible. We should add the proviso that x must be real. From equation (5) 
the condition for this is that 


(2 +23) (2, +2, +8) <(1 +2,2,)*, 
ie, #(2, +24) <(1 —23)(1 -23), 
or C%n*>S2MghA (cos 0, +608 Oy). csecscecececcessceeeeees (7) 
en cane tne seas, Santen, Weterun Avia someone snpiemsiaian se 


The inequality (7) evidently 8 more form of the well-known condi- 
for i motion to 


To ar acy Nag ap ive direct motion or motion of the 
axis, we have to examine the roots of equation (5) to see if ei root satisfies 
criterion (4). To do this, aie mane the three cases 


(a) 2, +2z,>0, (b) 2, +2,=0, (c) z, +z,<0. 
Case (a). For z, +z,>0, the graph of f(z) is a parabola with a minimum at 
a1 +%%_ , , (b-2%)(1 -2) 
% +2, gh 2+, 3 


Thus if real solutions of equation (5) exist, 0 SPOR. 807802 be which 
re ae ton, To fix the position of the other solution, say z,, note 





S (21) =(%_ — 2,)(1 —27) +8 >0, 
S(@s) = — (%_ —2,)(1 -—2§) +8. 
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Hence 2x, >2, and loop motion can only occur if f(z,)< 0, i.e., if 
8<8, =(z, —2,)(1 -z}), 


or 
Cm? >(2MghA sin* 8,)/(COs 0, — COB Oy). .....0cececeesceeeeee (8) 


If 8 =8,, then f(z,)=0 and cuspidal motion can occur, with the cusps at 
z=z,. The fact that f(z,) is always non-zero confirms the standard result 
that the cusps cannot occur at the lower limiting inclination @ = 6@,. 

The motion of the axis will be direct if f(z,) >0, i.e., if 


Og SO KO, = (1 — Ff) (1 — 55) [Gey +85). 0000. eccrccrcveveses (9) 


The second part of the inequality arises from condition (7) and ensures that 
the spin is large enough to make the motion possible. 

Case (b). When z, +z,=0, equation (5) gives x=4}s/(1 +z,2,) = }e/(1 -2}). 
In this case the motion is uniquely defined by n, 0, and @, and the condition 
for loop motion is that 


# = $e/(1 -—2}) <2, 
i.e., that 
On >(MghA sin® 04)/COS Og, .. 2-0. sereeecreenseeeneee (8y 

in agreement with condition (8), since sin #, =sin @, in this case. 

Case (c). For z, +z,<0, the graph of f(x) is again a parabola. It has a 
maximum at 
wnt ee 4, te tees 

2 +2, 2, +2, 


Thus one root of equation (5) is z,<2,< -1 and this ives direct motion of 
the axis. The other root corresponds to loop motion if f(z,)<0, which again 
gives condition (8) as the criterion for loop motion. 

To summarise, motion of the axis of the top between the limiting inclina- 
tions @=@, and @=6, is possible provided the spin is large enough to satisfy 
condition (7). As the spin increases beyond the minimum value, there is a 
stage where only direct motion is possible, but once condition (8) is satisfied 
loop motion can also occur. Apart from the exceptional case where z, +2, is 
zero, condition (8) is not sufficient in itself to ensure loop motion. Two values 
of H are possible and the numerically smaller of these gives loop motion. 
University of Melbourne. A. Brown 
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1917. Newton discovered the law of gravitation; but gravitation alone 
would soon reduce the universe to @ motionless mass; he was compelled to 
add a projectile force to account for the elliptical course of the celestial bodies. 
—J. J. Rousseau, Hmile, p. 235. [Per Mr. L. W. H. Hull.) 








REVIEWS 


Modern School Mathematics. By E. J. James. (Oxford University Press) 


Book II. With Answers. 7s. 6d. Pp. 205. 1955. 
Book III. With Answers. 8s. 6d. Pp. 198. 1956. 
Book IV. With Answers. 8s. 6d. Pp. 160. 1956. 


pactioalasty. gies: aiieamenientis iis fascinating to took through the 


duced and established in Book IT so that it is ready as an idee and as a tech- 
nique by the time it is needed in Book III for the development of the idea of 
the tangent of an angle. 

These and other mathematical threads run up through the series of four 
books, sometimes carried by a practical topic, sometimes treated entirely 
mathematically, but always with stress laid on the need for the pupil to show 
his understanding by his ability to talk or write about what he is doing, and 

are provided for him to show initiative in the solution of 


are encouraged 
topics similar to those in the books and advice is given on material to use. 
K. SowpDEN 


Fundamental Mathematics. Tomas L, Wapz and Howarp E. Tay1or. 
Pp. xiv, 380. 35/6. 1956. cGraw-Hill) 

aera ner ennan © Saas in Slinheniary Matbanstien whieh has hore 
developed over past seven years in to particular situation at 
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Mathematics is introduced as a language for the interchange of ideas, “a 
language of size and order, of quantities and relations among quantities ", 
and its usefulness as a tool is indicated. Sananhiechdi:denenteiaienas tthe 
study of number and symbols apart from the physical objects which they 

may t'”. Over one quarter of the book is devoted to the underlying 
principles and techniques of counting, number systems and the fundamental 
operations with rational numbers. The use of specific numbers leads to the 
introduction of algebraic symbols and algebra emerges gradually and spirally 
as arithmetical ideas and processes are generalised. Arithmetic and algebra 
are taken to a standard approximating to that of G.C.E. ordinary level and 
the beginnings of trigonometry, coordinate geometry and statistics are intro- 
duced. The work in trigonometry, for example, does not go beyond the 
definition of the three ratios and their application in easy numerical problems. 
Similar triangles, scale drawing, Pythagoras’ theorem, areas and volumes are 
the geometrical items included. Many exercises are provided. 

It is well-known that the principles underlying directed number are 
difficult for the student to understand. The treatment here does not distin- 
guish between the natural numbers and the positive integers. Thus (page 7), 
“ The symbol for the number of objects in a set of distinct objects is called a 
positive integer. The relevancy of the adjective “ sitive ” may not become 
apparent until the negative integers are consi and “ It is true that in 
this book we shall usually Tepreseas tne joaitive tabegees ly the Eline Anahi 
symbols 1, 2, 3, 4, 5, 6 7,8, 9, . ”, The definition of negative numbers 
appears on page 49 as “ Corresponding to each positive integer @ we invent 
a new number - a which we call minus or negative a”. 

It is probably more usual in this work to take the natural numbers as the 

point. Since subtraction is not always possible with these, we invent 
the notion of the negative integer. This in turn gives rise to the idea of the 
positive integer. The positive and negative integers together constitute a 
new class of numbers separate and distinct from the natural (signiess) num- 
bers. The sense in which the positive and negative integers may be termed 
numbers needs to be discussed. The rules of operation are so chosen that 
these new ‘“‘ numbers ” behave consistently with the natural numbers so that 
peste katte nan BePironemnaadben emery ios (reas se eso 
purposes. The pius and minus signs, hitherto used as signs of 
ow used is 8 ew sense with the help of beackets to denote directed saumbeas. 
This approach to directed numbers avoids the inconsistent use of brackets 


which appears on. pages 47-52, for instance, 
P. 47. “ (+5) +(+3)= +8” and “ (-—5) +( -3) =(-8).” 


P. 49, “(+3)- — ( +8) is an integer c such that ( +8) +¢= (+3) or 8 +c=3. 
pre’ = 7 8 Soe TLS 5) =( +3).” 
** Here c =( —3) since.. 

P. 52, “ (+a)(—b)= —(ab); (=0)(48)= —(eb) va) =O) +f0b)s 
(+a)( +6) = +(ad).” 


Paragraph 16.1 in a final chapter entitled “ Additional Topics in Algebra ” 
deals with ‘‘ Complex Fractions " defined as being those fractions which 
one or more fractions in the numerator, or denominator, or in both. 
word “complex ” appears with a different connotation later in 
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to understand than our system of bar-notation which, however, has the 
advantage of being more elegant. 

The aim of the authors in stressing teaching for techniques and teaching 
for understanding will meet with general approval. Care and thought have 
evidently gone into the planning of the book, which is beautifully produced 
and holds the attention of the reader. Superficiality seems to have been 
avoided, though the treatment of some topics is mevitably brief. The work 
on similar triangles, for example, does not include explicit discussion, or even 
mention, of the general idea of similarity. The book has merit and no doubt 
admirably fulfils the purpose for which it is written. It is doubtful whether 
any comparable situation exists in this country where this particular treat- 
ment and selection of topics would be appropriate, and it is this thought 
which has most exercised the mind of the reviewer. W. Fiemmine 


The Four Rules of Number. By K. A. Hesse. Pp. 70. 2s. 6d. Teacher's 
Ed. Pp. 78. 6s. 1956. (Longmans) 

This book is attractively produced and the material well graded. It con- 
tains examples varying from the easiest addition and subtraction, e.g. 1 +1 


included to enable particular weaknesses to be discovered. Occasionally 
pages with “ sums with words ”’ are inserted, e.g. 16 —8 is replaced by “ Sub- 
tract 8 from 16’, and so on. The whole emphasis, however, is on mechanical 
work in order to achieve and accuracy of computation. 

While it is agreed that should have frequent practice in the use of 
basic arithmetical bonds such as 8 +9 and 6 x 7, there is much less justification 
for mig, ye acc ype ang ameter he bay we stir g ony “vag amigo ans} 
pis t should also be pointed out that work in the four rules should 
sometimes proceed simultaneously particularly in the early stages. It is 


Introductory Mathematics (lst and 2nd Years). F. R. Ports and 
G. R. ap Pp. viii +343. lls. 6d. (Hall’s Book Store Pty. Ltd., Mel- 
This book, so the authors tell us, is written to cover the new syllabus 
; the University of Melbourne and the Education Department 
of Victoria for First and Second Year Mathematics. One gains the impres- 
sion that the layout and arrangement of topics is a bold innovation in the 
context of Australian conservatism, but, judged by English standards, the 
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weaknesses will be remedied, for it has many pleasant features. Much use is 
made in exercises (and this is a very good point in its favour) of a map of 
Melbourne printed on p. 238, but the map is so smal) that the street names 
are at the limit of legibility without a magnifying glass. This should certainly 
be put right : in view of the constant reference to the map, it would be better 
to print it on a separate folder and insert it at the back of the book. The 
reviewer also questions the wisdom of printing the answers to exercises 
immediately following them, in a book designed for young children. 

The following detailed criticisms are offered in a constructive spirit. The 

handling of the difficult subject of fractions is rather brief, and probably 
more easy exercises will have to be devised by the teacher ; more could well 
be included, and not at the end of the chapter. The various meanings of the 
word “ average” (Chapter 6) could be brought out more clearly ; it might 
have been worth while, after the introduction of Negative Numbers ( 
24), to suggest that some of the exercises on average could be reworked by 
the deviation method. In operations with decimals the rules given are, for 
multiplication, put the units digit of the multiplier under the last figure of 
the multiplicand ; for division, either make the divisor a whole number or 
“standard form”. The check in multiplication by counting decimal places 
is not given. Rough estimates are encouraged. The meaning of “ significant 
figures " is explained only by examples, and the rule for “ short ” decimalisa- 
tion of money not at all. We are told on p. 83 that the perimeter of a circle 
is approximately 34 times the diameter, and that the fraction 34 is so impor- 
tant that it is given the special a! No decimal approximation to 7 is 
given, but even at this stage it should be correctly defined. On p. 99 we are 
told, it is true, that 22/7 is an approximate value for 2, but the displayed 
formula A =ar* =4/r* is far more conspicuous! The appearance of percentage 
before proportion makes the treatment of the former inadequate, though it is 
good to see “ unitary method ” relegated to its proper place. ‘‘ Substraction ” 
meets us in bold type twice—on p. 147 and p. 176. The treatment of Minus 
Quantities (Chapter 24) is hurried and slipshod. The Geometry begins with 
solid figures and construction work ; plane constructions are introduced as 
means to anend. The only start made with formal work is the proof of the 
angle-sum property. The pupil is left to make discoveries in exercises ; in 
the hands of a good teacher this part of the book seems well-suited to the job. 
To say a locus is a “ locality” is surely only half the story: the idea of an 
aggregate of all possible locations, and only those locations, must somehow be 
brought out. And is it wise to construct triangles with two angles and a non- 
included side before the angle-sum property has been formally stated? The 
reviewer had not met either a she-oak, a skillion roof, or a perigon, but their 
appearance is not less welcome for that. 

The many Australian features—including a contre-jour photograph of 
Parliament House from the south—and its price—make the book unsuitable 
for use in this country, but writers of future English textbooks might well 
find helpful ideas in it, and a basis for further improvement. ate a 


Contributions to the Theory of Nonlinear Oscillations. Vol. III. Ed. 8. 
LzerscuEetz. (Annals of Mathematics Studies, No. 36) 

Like the two other volumes, this consists of a rather ecllec- 
tion of new papers on the subject, some for second order some for 
nth order systems. Several concern bi-periodic systems. The method of 
reproduction by photographing a typescript makes the work somewhat 
unattractive to read, especially in the case of certain papers with very heavy 
formulae. M. L. CaRTwRIGHT 
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Plane Trigonometry. By E. Ricnanp Hermeman. 2nd Ed. Pp. xii, 167. 
22s. 6d. 1956. (McGraw-Hill) 
The author is Professor of Mathematics at Texas T 


be especially beneficial to students with a weak mathematical background. 
The scope is that of the Advanced level of the G.C.E. starting from funda- 
a et eS ee eee ee 
feature is the care shown in organising the examples. It 
io halen that o ebemnabadedantin cadena examples 1, 5, 9, 
ete., or other series beginning with 2, 3 or 4. The first half of each set of 


4, 8, 12, ete. Two alternative plans of usage 30 or 45 one-hour 
lessons are each chapter being assigned a suitable number of lessons 
The layout of definitions and di are good. The explana- 
tions and text are good and i i A very good index 
is i An adult at grips with the sub: ee eee 
up the work, would find the book most VES 


Secondary Technical School, Wigan. The of the book is to provide 
a of Roteteote and especially 
for who are taking the “mixed” papers of the type which some examin- 

call “ the alternative syllabus”. There are four elementary papers 
and harder papers, each being divided into sections A and B. The 


played. i 

Se ee interpretation. It is claimed that 
nearly every type ie deat ont none teeucttan The is 
San und eneeonie Answers are eo 
linen back looks as if it is sean nt J. W. VES 


1966. (Dover Lec 2" M. Ganpner. Pp. 176. $1.00 
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Mathematics. By K. 8. Mmuzr. Pp. xii, 417. 478. 6d. 1956. 
(Constable) 

The author, of New York University, has taken a wide title; but the 
engineers to whom he addresses himself are those concerned with electrical 
matters and communications. Chapters 6 and 7, the final chapters of the 
book, deal with network theory and with random functions, stochastic and 
ergodic processes, “ noise” and related topics of great importance to the 
communications engineer. The earlier chapters are therefore devoted to 
those mathematical disciplines not usually included in American under- 
graduate engineering courses which are nevertheless needed for these more 
professional studies. Determinants and matrices give the theoretical basis 
for network theory ; the treatment here is somewhat concise, and the wise 
reader will do well to keep the theory and the applications in step by steady 
backward and forward reference. For random functions, the essential tools 
are infinite integrals and the Fourier and Laplace transforms; the author 
has chosen to develop the Fourier transform as a generalisation of the Fourier 
series, the series for a finite interval becoming’ the Fourier integral for an 
infinite interval ; then the Laplace transform appears as a slightly ingenious 
way of dodging theoretical difficulties arising from the Fourier transform. 
Although I think this line of approach masks the importance of the concept 
of functional correspondence between image and original, it has the advantage 
of making clear the relations between the two transforms, so often ignored 
in books of this type. There is also a chapter on differential equations, with 
particular reference to special functions defined by differential equations ; 
the Frobenius method of solution is fully explained. There are three appen- 
dices ; one contains a proof of the validity of the Fourier series and integral 
representation, assumed in the main text. But the other two deal with more 
advanced topics, Borel sets and the Riemann-Stieltjes integral, and should 
serve to introduce the inquisitive reader to concepts of increasing value to 
the up-to-date communications engineer. The main chapters all carry some 
references for further reading, and some exercises for the student. 

Fypsleaten iver Peres Seerey Se See en cen eee eee 
but he has not always the knack of isolating and emphasing the key 
an argument or the key result in a field. Hence the student working 
would sometimes be in difficulties ; but for class work under supervision the 
book should prove very helpful. T. A. A. BRoaDBENT 


A Mathematical Tool-kit for Engineers. By H. A. Wess and D. G. 
ASHWELL. Pp. vii, 70. 10s. 1957. (Longmans Green) 
os fansite maa arp Una tow capita banal goeyoneeremmenare 
techniques discussed are tools to be used by engineers not processes to 
be analysed for mathematical rigour. Viewed in this sense it is a worthwhile 
text, but there is some doubt in the reviewer’s mind, whether it can be useful 
before the engineer hes followed a relatively advanced mathematical course. 
After all, tools must be roperly, and that requires training. Lord 
alc sie’ Vaaee lo ac cade eooomal cal weapon that the engineer 
edela dd Enid to don” ban thats wihaams es wena aene Gs Stalin avai 
pages. Nevertheless, whether the function of the book is to teach or provide 
ready references, and the authors seem vague about this in their preface and 
in their treatment of some of the subject matter, Sans a 
ing engineers introduced to mathematical processes which many students 
a enon + eaprer we pomngiars ale wa apabeeee a aoe 
Pre = rt yar rose The book opens with a chapter on the 
eee eet enolase wile tome 
found by trial methods. This is the best chapter in the book, on 
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the operator D, and includes some interesting uses of the operator for finding 


approximate sums of certain types of series. It is a pity that its use in find- 
ing particular integrals in “ resonance ’’ cases is not discussed. There are 
chapters on methods of finding integrals, Fourier series, contour integration, 
the calculus of variations and Bessel functions. A section on double integra- 
tion is disappointing and one on Lagrange’s equations is woefully inadequate, 


In spite of obvious gaps and unavoidable omissions (there is no reference, 
for instance, to statistical methods) the authors have produced a workmanlike 
little text which deserves a place on the engineer’s bookshelf or, in his kit-bag. 
It should fire the enthusiasm of those who read it and that may be its prime 
function. Clearly printed and well produced, it is good value for money in 
these times. . A, Buckiey 


Engineering Mechanics. By S. Trmmosaenxo and D. H. Youne. Pp. 

vx +529. $7.50. 1956. (McGraw-Hill) 

The book, of which this is the fourth edition, covers slightly more ground 
A 


absolute units is fully explained. The authors lay stress on the importance of 
working out results in symbolic form and of substituting numbers only in the 
final answer ; this practice is followed in all the illustrative e: The 


methods are used whenever 
is laid on the reduction of engineering or physical 
problems to such an idealised state that they can be expressed y 


Apergu de la Théorie des Polygones Réguliers. Vols. II and III. By 
Prerre A. L. Anspacn. Pp. 93-192, 193-298. No price. Privately printed 
by the Author. (94 Rue Berckmans, St Gilles, Bruxelles) 

These Monographs form a continuation of the volume reviewed in No. 
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published in 1951, which many of his readers surely will not possess. The 
symbols 5, 6, 7, 8, ‘thus freed, are used for $, $, 3, #! “Our old friend 3(./5 - -1) 
thus appears in this “‘ numération & typographie réduite ” (NTR) as 5(10* — 1). 
New friends are welcome, but when they masquerade as old ones and walk 
side by side with the genuine articles, it becomes very confusing. Amid the 
plethora of results there is some interesting material; notably the geo- 
metrical constructions involving the intersections of two conics—-which can 
be parabola and circle—for the regular heptagon. A quotation of a typical 
comment of the author’s may perhaps be permitted. “‘Un entrainement 
ardent nous porte, dans le domaine neaniiges, au delA de nos découvertes 
immédiates. Nous devons obéir. Les sciences nous sollicitent vivement, 
nous pressent. Ce n’est pas tout que d’y faire apparaitre des fleurs étranges 
et d’y réveiller des princesses endormies.’’ Maybe we may find the pri 

in the points named JILL, NITA, ARTHA, SOPHO, MAI in the diagrams ; but what 
is @ COQ doing in this company? H. M. Cunpy 





Radio. By Joun D. Tucker and Donatp Witxrnson. Vol. 3. Pp. 249. 
12s. 6d. 1956. (English Universities Press) 

With so many books available on this subject it is difficult to produce an 
original treatment. This book is in the form of notes arranged to compose a 
course which follows on the previous two volumes, although the book could 
be of use in itself. A valuable feature is the inclusion of questions and 
specimen answers. 

The subject is so vast in scope as to render selection of material a headache. 
The contents page suggests a good balance, but on further reading one could 
wish that the authors had divided the material to form two volumes, dealing 
with fundamentals and practice separately. 

After a fair start the first chapter on aperiodic amplifiers deals with negative 
feedback in too scanty a fashion: this part of the subject is of such import- 
ance as to justify a full chapter to itself. As an example no mention is made 
of the important difference in output impedance at the cathode and anode of 
a valve with current feedback, as exemplified by the concertina, and the dis- 
tinction between current and voltage feedback is not made. The chapter on 
V.H.F. amplification makes an odd start with lines, which are not fully dis- 
cussed until a much later chapter, and oscillators : the limitations of conven- 
tional valves at U.H.F. could be discussed more clearly, and no mention is 
made of the importance of the cathode lead inductance. There are similar 
bald spots in the chapter on oscillators, in which the conditions for sro 
are scantily described, and one would again like a complete sy, oth 
important class of relaxation oscillators and switching devices. 
on transmission lines and aerials is to be commended. 

et dhe gery y to a “‘ memory ” treatment of many parts of the sub- 
ject which may be t to paar f at this Aber Ee is wos some poor 
type-setting in the algebra, for instance on page 3, which obscures the meaning. 

TT Bot of this oe is bound to have limitations, but this book should fill 


@ need and be valuable to the non-university categories of student for which 
it is intended. A. N, Hunter 


Lectures on the Icosahedron and the Solution of Equations of the Fifth Degree 
By Feurx Kuixr. Translated by G. G. Morrice. Second revised edition, 
reprinted. . Xvi+289. $1.85. 1956. (Dover Publications) 

The first lition of Klein's Ikosaeder appeared in 1884, gree aoa 
volume is a r t of the edition which in English 

1914 and was reviewed in the Gazette, Vol. Vill, No. 116 (1915), by the 
peep ia pt any ig fy ance 
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Readers already acquainted with this classical monograph will welcome a 

new reprinting. Those unfamiliar with it can be assured that here is a delight - 
fal, readable beck writen tn’e:sienple end elouly style wlth: plenty to 
interest the reader whether his interest is in geometry, algebra or analysis. 
Klein is not content to present prcofs in a cut-and-dried deductive form ; he 
seeks always to explain the processes of thought which led to the discovery 
of those arguments. Nor does he draw upon the results of, for example, 
group theory, Galois theory or projective geometry without giving plenty of 

material for the uninitiated. 

starting point of Part I is the consideration of the rotations of the five 
regular solids about their centres. In each case, those rotations which bring 
the solid into coincidence with itself form a group. The distinct groups of 
interest which arise are the tetrahedral, octahedral and icosahedral groups. 
(With these is also considered the dihedral group, which arises from a regular 
polygon in a well-known way.) Taking any one of these cases we consider 
the sphere circumscribing the solid and, after Riemann, label its points by 
complex numbers. For any of the N rotations in the group the point z moves 
to a new point z’ and it is found that 2’ =(az +8)/(yz +8), where «, B, y, 5 are 
numbers independent of z. Corresponding to this we have two pairs 
substitutions of determinant 1. In this way our group 
to a group of non-homogeneous substitutions of the same order 
to a group of pairs of homogeneous substitutions of order 2N. Simple 

considerations lead us to three polynomials, homogeneous in 
variables z,, z, which are, apart from a multiplicative constant, invariant 

each pair of homogeneous substitutions. A suitable combination of 
these invariant pmb owe awl oungare fo akg gig invariant under 
all the non-homogeneous substitutions, and of degree N. It is shown that 
any rational function of z invariant under these substitutions is a rational 
function of ¢(z). For any value of the parameter Z, $(z)=Z is called an 
equation of the original group and its roots give a set of (in general N) points 
Oe etn Sar 2 Beer: Tait O08. a. eueaney even ae comer by © 
Conversely, any such set is obtained by giving 
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hedral equations ee extraction of roots. The Icosahedral equation 
Part II—the theory of quintics—opens with historical account of the 
work of Tschirnhaus, . Hermite, Brioschi and Kronecker. It was 


proved by Ruffini and Abel that the general quintic cannot be solved by 
pepe meg heap Drone ty te hemp age » uals 

if, in addition, we are allowed the further operation of finding a root 

pi ppsctas mor mum ke asa The object of the book is to show how naturally 
the Icosahedral equations are connected with the quintics. 

The final picture is of a theory of quintics which unifies the earlier work in 
the subject. J. L, Brrrron 
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Machines and their Application to Scientific and Engineer- 
ng Work By A. Pp. 262. 30s. 1956. (Blackie and Son, 


“On ferading this bok fr the purzee ofthe rant review, Dna 
clear that several good ? mre ern nent gna ot Seger d 
ing require mention. author, generally speaking, devotes himself to 
close study of machines which can be purchased from the business supply 
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houses, that is, of desk and other hand forms of calculating machine, A) 
from manufacturers’ cancgubliaitheel temeemtamentaamanaaae 
and, 


gives so comprehensive a survey of what can be purchased, in this 
, the author has done a service to tial users of machines of this 
type. Unfortunately, the introductory chapter of the book contains sug- 


ting 

machines which is very obscure, and which may well repel 

the start. Fortunately, however, where the author uses these in 
they can be readily ignored without in any way detracting from the informa- 
tion which is obtainable. The author gives, with each of the machines, and 

y with punched card business machines, detailed proposals for the 

[ puut <i aiithins ahlehiaiieng-te: bs-eheiiad-auh en: then eomhiane, The 
reviewer found these extremely tedious, but it is quite possible that the tyro 
in: then: Reding! Sash ihe ieimuanbiens al demtademn 

The seventh chapter of the book is concerned exclusively with practical 
numerical analysis and, if read without any accompanying knowledge or 
guide to the field, would give a very biased approach to this subject. The 
level of treatment is exceedingly low, as is indicated by the fact that the 
extraction of a square root by means of the iteration 


Tait =¢ (2, +S) 


is discussed in considerable numerical detail without at any point mention- 
is particularly unfortunate 


Although in the preface the author suggests that & numberof pecial pur 
pose scientific computing machines will be discussed, the only detailed refer- 
ence is to the Beevers-McEwen Fourier Synthesizer. This machine, whilst 
of considerable interest to X-ray crystallographers, is unlikely to arouse 
enthusiasm among mathematicians in general and, for example, the differential 
analyser would probably have been a more suitable object for attention. 

The book concludes with a section on automatic digital calculators and the 
art of programming. This is probably the weakest feature, but in view of the 
condensation which has been necessary to include it at all, the treatment is 
on the whole understandable. 

As might be expected from the r blishers, the production of the book 
and its illustrations are excellent. ne author, too, has a readable prose 
style and, where he is not engaged in discussing more abstract questions of 
sry a ag rR eg pa MB gw ates sa 
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‘Mathematics and Computers, By G. R. Sriprrz and J. A. Larriver. Pp. 
vi, 228. 37s. 6d. 1957. £1 16s. 6d. (McGraw Hill, New York and London) 


The senior author of the present book, George Stibitz, was one of the early 
pianeren af She itasign af: automata: digital. Sumgeins: manent machines, and was 
responsible for several of the machines which were first produced. It was 
therefore with pleasurable anticipation that the reviewer first took up the 
present work. Unfortunately, apart from a very small section -_ 
an adding circuit based on a logical principle due to Stibitz, the 
ema ap ar ane a age ie i 
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they come from. 4. History of computers. 5. Numerical analysis. 6. 
Digital computer components. 7. Logical design of digital computers. 8. 
Analog computers and simulators. 9. Computing with random numbers. 
10. Computing errors. 11. Computers at work. It is not necessary to con- 
sider the subject matter in detail, except to say that the general layout of the 
book closely parallels that adopted in Hartree’s Calculating Instruments and 
Machines, published almost a decade ago. Computers in the sense in which 
they are understood in the book, are not only digital but also analogue, and 
naturally, in a book of this size, it is quite impossible for the authors to have 
covered either field with any degree of adequacy. 

In various places it is assumed that the reader already has prior know- 
ledge of certain technical aspects of the computer field, and this is unfor- 
tunate because the general standard of the work is such that it is suitable 
only as an introduction to the subject. It seems likely that the class of 
reader for whom it was originally intended was the American college under- 
graduate, or possible graduate, whose general learning requirements tend to 
be of the superficial kind. 

The sections of the book which deal with digital computers and their 
components do not give any real impression of the field as it exists at the 
present time, and the structure of the computer which is mentioned in the 
text differs considerably from those which are in use today. Probably the 
best chapter is that on computing with random numbers. This subject is 
not readily available in any existing texts of an elementary character, and 
the authors have put together a most readable account, which is illustrated 
with numerical examples which make the way of the reader easy. The final 
chapter on computers at work is very disappointing. Most applications have 
only a few lines devoted to them, so that the chapter consists more or less of 
a list of problems which have been attacked. geen tor dir dlar 
respect of this chapter, leaves much to be desired, since the tend 
to be publications of a very general character which have appeared in semi- 


book is well produced and will certainly find a place on the shelves of 
experts in the field, but it is rather doubtful whether its high price will make 
it attractive to the general run of English readers who have less expensive 
and more informative books available. A. D. Boots 


Ebene Kinematik. By W. Biascuxe and H. R. Mier. Pp. 269. 
DM. 26.80. 1956. (R. Oldenbourg, Miinchen) 

This exposition of plane kinematics written essentially by Miiller is based 
on lectures given by Blaschke at Hambourg. The first chapter deals with 
problems of plane kinematics involving one degree of freedom and includes 
such topics as involutes, evolutes, and special linkages. The second chapter 
deals with one-dimensional problems involving integration, for example the 
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Relaxation Methods in Theoretical Physics. Vol.II. By R. V. Sournwex. 
Pp. vi, 522. 55s. 1956. (Clarendon Press, Oxford) 

It is not possible to review the present volume without saying something 
about the two volumes that preceded it. As Professor Southwell himse’ 
mentions in the preface to this latest volume, he started exploring the 
potentialities of Relaxation Methods back in 1935. The first fruits of this 
exploration were, however, not published until 1940, when an impressive 
account of work done by himself and his co-workers at Oxford appeared 
under the title Relaxation Methods in Engineering Science (R.M.E.S. for 
brevity of reference). Even though an attempt has been made to make the 
present volume self-contained when combined with Vol. I, a reader new to 
the Relaxation approach would be well advised to take up the study of 
R.M.E.S. as a useful introduction to the revolutionary change of attitude to 
physical problems which that approach entails. This book also contains 
much that, for completeness, is repeated in the later work. 

As perhaps is now fairly well known, the basis of the Relaxation Method is 
the fact that the externally applied constraints necessary to make any trial 
solution a real solution for a parallel problem can readily be determined. 
The essence of the method lies in then finding the effect of removing such 
constraints systematically and in successive stages to reach finally a solution 
in which the constraints still remaining are negligible. 

In this volume the author turns his attention to biharmonic problems, i.e. 
problems governed by the biharmonic equation 

Viw =Z (2, y) 


where Z(x, y) is some specified function of x and y. The continuous plane 
2, y is again represented by a network of points which allows vy ‘w at any one 
node to be represented by a finite-difference expression involving the w’s at 
neighbouring points—a greater number of them now because of the higher 
order of the derivatives. The method of approach is illustrated by a pro- 
fusion of practical examples, mostly concerned with flexural and extensional 
problems of flat plates. The special treatment required for multiply-con- 
nected regions, as exemplified by perforated plates, is presented in detail, and 
emphasis is placed on the difference in technique necessitated by different 
boundary conditions—specified displacements on the one hand = speaped 
tractions on the other. These matters occupy most of the first of the 
book. 

The treatment of eigen-value problems presented in the next seventy pages 
follows largely that given in R.M.E.S. but is here applied to plane problems, 
and much attention is given to the task of defining limits of error for the 
— obtained. ia : ree ci 

ost of the remaining pages—an y are of great interest—deal 
non-linear problems, as exemplified by the large flexural distortion of flat 
elastic plates both under static and post-buckling loads. Here the com- 
plicating factor is the membrane or middle-surface strains introduced soon 
after the di t due to pure bending can no longer be regarded as 
small. This ordinarily difficult problem becomes relatively simple under the 
Relaxation technique. The principle followed is to advance to the final 
solution by a series of cycles in each of which the membrane s*resses are 
constant while the transverse loading brought about by their action on t 
curvature is liquidated. On an approximate equilibrium position being 
reached in a particular cycle, the associated di t enables one to 
compute a new set of membrane forces, and hence a new set of transverse 
forces to be, in turn, liquidated in the next cycle. Many devices are described 
which experience has shown to be valuable for accelerating the convergence 
of the process. The problems of a circular plate under edge thrust, a square 
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plate under edge shear, er ee aa ied 


cylinder, and plastic straining in two-dimensional stress systems have been 
chosen in the text as illustrations of successful 
The mathematical background of a degree in Science is what 


pepe wean ermatth w sonar npn Tt is equally ir to say 
perhaps that, for tackling new of problems, & somewhat acquain 
tence with Applied Mathematien iso * sind-qui>acn:”. D. Wi.1aMs 


A Text-book of Cartesian Tensors. By Suanti Narayan. Pp. v, 160. 
Rs. 6/8. 1956. (Chand, Delhi) 

The author has now some ten books to his credit, helping to meet the 
urgent need for good text-books arising from India’s vast educational 
programme. Primarily di his books are carefully trimmed to suit their 
main purpose ; there are few frills, and fewer digressions. The bare bones 


and covariant derivatives do not appear till the final chapter, which is more 
of an than an integral part of the book. The earlier part of the 
book is better than the later parts; although the fundamental bases of 


Mr. Narayan is his best to help to provide text-books for India, a 
need strongly urged by Professor Chandrasekharan in his Presidential 
to the on ical Education in South-East Asia held in 
February 2956 T. A. A. BroaDBENT 


Einflihrung in die Theorie der Differentialgleichungen im reellen Gebiet. By 
L. Bresersacn. Pp. 281. DM 29.80. 1956. (Springer, Berlin) 

The number of books on differential equations is already very large. How- 
ever, as the author observes, it is less true in the theory of differential equations 
than in any other subject that two text-books are as like as two eggs. This 
book certainly contains much interesting and valuable matter. There is 
very complete discussion of existence theorems for solutions of dy/dz =f (2, y) 
by means of approximating polygons. The theory is extended to m simul- 


@z/d? +a* sin x =b sin t, 
and the Sturm-Liouville problem according to the method of Priifer, with the 
are ee ane sipenicnaiiomn, Kisesnio: Senttion; and stagendion thesvn foc 
functions (in the formula for the Green’s function, for A,,’ 
read A,"). The last chapter contains the elements of the theory of partial 
differential equations of the first order. Altogether, I think that this is 
very useful book. E. C. Trronmarsu 























REVIEWS 145 


Remarks on the Foundations of Mathematics. By L. WirreEenstem. 
Edited by G. H. von Wricut, R. Rugzs and G. E. M. Anscompr. Trans- 
lated by G, E. M. Anscombe. Pp. 400. 37s. 6d. 1956. (Basil Blackwell, 
Oxford) 

This volume has been prepared from manuscripts written between 1937 
and 1944. The device of simultaneous publication of the German original 
and the English translation which was adopted for Wittgenstein’s master- 
piece Tractatue Logico-Philosophicus has again been used, the original text 
occupying just under 200 pages. The five parts of the book contain observa- 
tions on such problems as whether counting is an experiment, the nature of 
inference, the perspicuity of proof, whether the mathematician is inventor 
or discoverer, finitism and behaviourism, whether contradiction destroys the 
usefulness of a calculus, on following a rule, the role of intuition in mathe- 
matics, whether a machine can calculate, existence proofs in mathematics, 
whether mathematics needs a foundation, experience and timeless propositions. 

Several topics are discussed repeatedly, rather in the way in which Beet- 
hoven is known to have written and rewritten a phrase in the search for the 
perfect form of expression. Often it is uncertain whether or not an observa- 
tion is tentative and provisional, but every once in a while a remark is so apt, 
penetrating and indicative that it shines like a beacon across the page. Here 
are some examples : 

(p. 50, 1 7, om Gédel’s undecidable proposition) ‘‘ But may there not be true 
propositions ...not provable in Russell’s system? ”—‘ True propositions”, 
hence propositions true in another system. For what does a proposition’s 
“ being true”? mean? (p)istrue=p. (That is the answer.) 

(p. 58) There is no system of irrational numbers—but also no super system, 
no “ set of irrational numbers ”’ of higher order infinity. 

(p. 67) The application of the calculation must take care of itself, and that 
is what is correct about “ formalism ”’. 

(p. 146) Everything that I say really amounts to this, that one can know a 
proof thoroughly and follow it step by step, and yet at the same time not 
understand what it was that was proved. (p. 147) For it is not merely that 
the existence-proof can leave the place of the “ existent” undetermined : 
there need not be any question of such a place. ; 

To anyone who knew Wittgenstein these pages are alight with his per- 
sonality, a stimulating reminder of great adventures in ideas, but the reader 
who comes to these ideas for the first time in these remarks may feel the need 
for a framework in which to fit the work. As in the Tractatus Wittgenstein 
speaks most clearly to those who have already sought to travel along the 
same path. Much, though not all, that he has to say in the remarks was 
already said, sometimes more and sometimes less successfully in his lectures 
in Cambridge between 1930 and 1934, and yet many discoveries which he 
made have still to be published. a 

The translation is faithful and readable without loss of the original flavour. 
In this Miss Anscombe had the great advantage of enjoying many discus- 
sions with Wittgenstein in the last few years of his life. Perhaps “ non- 
temporal ” on page 11 (for unzeitlich) is better rendered as timeless and per- 
haps to “‘ keep mum ” is not the most suitable translation of schweigen, but 
these are trifles. The best evidence of Miss Anscombe’s success is that the 
translation reads like Wittgenstein’s own spoken language. R. L. GoopsTEIN 

Kettenbriiche. By A. Kutnrcuive. Mathematisch-naturwissenschaft- 
liche Bibliothek Nr. 3. Pp. vi+96. 1956. (Teubner, Leipzig) 

This is @ translation into German of an introduction to the theory of con- 
tinued fractions by an eminent Russian mathematician, originally published 
in 1935. 

K 
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The book may be warmly recommended. The arguments are cogently and 
clearly presented ; the difficulty of the first two and third parts being respec- 
tively roughly that of the easier and the stiffer parts of Hardy and Wright's 
Theory of Numbers. The first two parts are an admirable introduction to the 
amateur or, indeed, the number-theoretician who does not specialise in con- 
tinued-fraction problems. They have naturally much in common with the 
corresponding portions of Hardy-Wright, but I think that Khintchine dis- 
tributes his emphasis better. The striking results of the third part are, of 
course, more special, but they are not beyond the amateur : so far as I know 
they have not otherwise appeared in a book. 

My only serious adverse criticism is that the book contains no references 
to the literature and virtually no chat about the wider aspects of the theory. 
Thus the result about (1) is given, and we are told it is the best of its kind, 
but we are not told that from a slightly different point of view it is only the 
prelude to one of the most remarkable results in the theory of diophantine 
approximation (the ‘‘ Markoff chain "’ +), which was discovered by the great 
Russian academician A. A. Markoff with the aid of continued fractions. 
Again, to take only one further example out of several, the author points out 


that the arithmetic mean + (a, +... +@,,) cannot tend to a limit almost always, 


as the geometric mean does but does not mention his own result { that in a 
certain sense it generally behaves like log n/log 2. However, there is a wealth 
of references up to 1936 in Koksma's Diophantische Approximationen, 
Perron’s Die Lehre von den Kettenbriichen, of which a revised edition is appear- 
ng. ae pansies oeee Oe ee it gives a fuller account of the 
subject matter of Khintchine’s first two parts and also treats of the applica- 
tions of continued fractions to other branches of mathematics which are not 


even mentioned by Khintchine. 
The translation is on good paper—better than the original—and is well 
bound in boards instead of being paper-backed. § . W. 8. CassELs 


Trigonometric Series. By R. L. Jevrery. Canadian Mathematical Con- 
gress Lecture Series No. 2. Pp. 39. 20s. 1956. (Toronto University Press. 
London: Oxford University Press) 

This little book is of a type that is all too rare, an exposition of a field of 

in alg aes Aald as eonacei ts Dag Bond 

pro Jin th been cleared up. It presents 

the a 's Presidential Address to the Royal Society of Canada, Section 

III, in 1953. The lecture is in two parts, the first of which describes results 
which are proved in the second part. 

The principal question discussed is the following : Given a function repre- 
sentable by a trigonometric series 


1 ca 
3° +é (c, cos kx +d, sin kx), 


but which is not Lebesgue integrable, how are the coefficients ¢,, d, deter- 


+ Strictly speaking, Markoff’s result to forms, but the theorem 
for Senn ee nee wae ie Enews his name. There 
is chain beloved of statisticians, but that is quite a different story. 


t Compositio Math., 1 (1935), 361-382. It might be i 
the third part of the book in a wider Sie aid probes i als roots of some 
fears Sepesonenana sie Neier ental see C. ‘Nabsoekt Beatie’ ‘ath. 12 (1951), 


§ But, then, the original i ’ 
iuMimginkipiiaeacoaer 
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mined? Jeffery reviews the solutions to this problem which have been 
obtained in the past twenty years by Denjoy, Zygmund, Burkhill and, 
recently, by the Canadian mathematician R. D. James. R. L. Goopsrern 


Numerical Integration of Differential Equations. By A. A. BENNETT, 
W. E. Miine and H. Bateman. Pp. 108. $1.35. 1956. (Dover Publica- 
tions, New York) 

Of the four chapters of this report the first two are historical and biblio- 
graphical and constitute a very valuable and detailed work of reference in a 
very small compass. The third chapter considers the approximate solution 
of the differential equations dy/dz =u(z, y), 

dy,/da =u, (2, Y1, Yyprrer Yu) $=1, 2, ....™, 
and dy, /da* =, (Ly, Yr» «++» Ym)> t=1, 2, ....™m, 
by proceeding step-by-step from one end of an interval to the other, each 
step involving the integration of the equation over a small sub-interval. 
The final brief chapter records methods of solving differential equations by 
transition from the solution of difference equations, Ritz’s method and the 
method of least squares in which a solution of a differential equation J =0 is 
sought by minimising the integral fJ* dx =0 (a process which has led to an 
extension to the Legendre series of Féjer’s Theorem on the mean convergence 
of Fourier series). R. L. Goopster 


Elements of Algebra. By H. Levi. 2nd edition. Pp. 160. $3.25. 1956. 
(Chelsea, New York) 

The first edition of this book was reviewed by T. A. A. Broadbent in 
Gazette, XL, 67. 

Levi presents a very careful account of the constructive definitions of 
natural numbers, integers, rationals and reals. The basis of the structure is, 
however, a naive theory of sets given without any hint that the system is 
known to be inconsistent. Amongst minor omissions the following are to be 
noted. The cardinal number of a finite set is defined (p. 19) to be the name 
of the standard set with which a (1, 1) correspondence is established ; this 
confuses number with nomenclature. It is not shown that a set has a unique 
cardinal (for two standard sets may be (1, 1) related until the contrary is 
established) and for lack of this demonstration subsequent proofs are incon- 
clusive, e.g. the proof of the commutativity of addition. It is not shown that 
we can always find sets of given cardinals without common members ; the 
standard sets all have common members. Finally, does not the proof (p. 3()) 
that 26 +3 =29 involve, not merely the analysis of 3 into units, but also the 
analysis of 26 into 2 x 10 +6? And would not a proof of 29 +2 =31 be more 
illuminating? R. L. GoopsTerv 


Topics in Number Theory. By W. J. Lz Veque. Vol. 1, Pp. 198, 44s. 
1956. Vol. 2, Pp. 270, 52s. 1956. (Addison-Wesley, U.S.A.) 

Volume I of this book is intended to serve as a textbook for an elementary 
course on number theory and to provide the preliminary groundwork required 
for the subjects treated in Volume II. re 

In the introductory chapter, a table of values of the divisor function is 
used to suggest problems typical of those occurring in the subject. The 
second and third chapters deal with the Euclidean algorithm, unique factorisa- 
tion, linear Diophantine equations and elementary properties of congruences. 
In Chapter 4 primitive roots are introduced. Euler’s theorem is strengthened 
by defining the universal exponent d(m) of m in terms of the ¢-functions of 
ae aim ona It has the property that A(m) is the smallest 
positive of x such that 
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a* =1 (mod m) 
for every a prime to m. A number whose order is exactly A(m) modulo m is 


called a primitive A-root of m; there are ¢(A(m)) of them. The chapter 
concludes with an application to Fermat’s Last Theorem. (At end of chapter, 
read Section 4-4 for 4-1.) 

Chapter 5 deals with quadratic residues. The exact number of solutions of 
the congruence z* =a (mod m) is obtained for any m. The law of quadratic 
reciprocity is proved and applied to prove a theorem of E. Trost which states 
that a fixed integer is a quadratic residue of every prime if and only if it is a 
square; here Dirichlet’s theorem on primes in arithmetic progressions is 


In Chapter 6 ee functions are discussed and various results con- 
cerning their magnitude are obtained. The usual estimates of Chebyshev 
type for sums involving primes are given. More space is tee en to the sieve 
of Eratosthenes than in most works on number theory chapter con- 
cludes with a demonstration that, Sui aah calidad Senge sultan’ os there is 
a ic non-residue of p between | and ,/p. 

7 deals with representations of a number as a sum of two, three or 
four squares. (At the end of the chapter it is stated erroneously that every 
integer can be represented as a sum of three squares, although this has been 
shown to be false in § 7-5.) 

In Chapter 8 a fuil treatment of Pell’s equation is given with applications 
to Diophantine approximation and Hurwitz’s theorem. The proof of Theorem 


8-11 needs some modification for example, by assuming that 


Hh. mati 
since it has not been shown that M (Z) is a member of the set of which it is an 
limit. 
the final chapter, rational approximations to real numbers are con- 
sidered in greater detail by means of Farey series and continued fractions. 
Here the treatment is novel in that good rational approximations are defined 


naturally 

siny Geel eseebhenan-acuniiend qunae dials tanndenben theare-emd.jawwsieton 
in & stimulating manner. There are, of course, several good textbooks avail- 
able on the elementary parts of the subject, and the ion of a new one 
might perhaps not have been justified if the book been limited to Volume 
I. However, as the author states, Volume I was written to provide 
the preliminary material needed in the more substantial and important 
Volume II, which no algebraic or analytic number-theorist can afford to be 


without. 
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The most important chapter in the book is Chapter 4, which deals with the 
Thue-Siegel-Roth theorem. This is proved in the following form: 


Let K be an algebraic number field of degree N, and let « be algebraic of degree 
n>2 over K. Then, for each k>2, the inequality 

— fa-f/<{a(O)* 
has only finitely many solutions { in K. 


Here H (£) is the height of f, i.e. the maximum of the absolute values of the 
coefficients of the irreducible equation defining {, these coefficients being 
relatively prime rational integers. This result is a generalisation of K. F. 
Roth’s recent improvement of the Thue-Siegel theorem (Mathematika, 2 
(1955), 1-20, 168); Roth gave a detailed proof only for rational {. The 
proof is distinctly complicated, but is presented in a readable manner. In a 
review it is not possible to say briefly anything useful about the methods 
employed. They corroborate the reviewer's impression that, in this field, the 
chief difficulties—and they are considerable—arise in finding the correct 
ideas, and not in the delicacy of the approximations involved, which are all- 
important in other branches of number theory. In fact, most of the diffi- 
culties met in following the proof arise from one’s reluctance to approximate 
with the same abandon as the author. 

In places the argument is obscure (to the reviewer, at any rate), as the 
following remarks show. 

In Theorem 4-10 (p. 136) it should be stated that N is the degree of K as 
this is the first place in which N occurs. 

On p. 138 the deduction from | UV |< M that [U|<M and [V|<M does 
not appear to be valid. For example, if K is the field generated by ./2 and 
UV is a monomial with coefficient 1, it is possible that the coefficients of U 
and V might be ./2 +1 and ./2 -1 respectively. If m is written for the upper 
bound of |@W)| obtained on p. 134, this difficulty can be surmounted by 
observing that | 8|<m and that the absolute value of the smallest conjugate 
of B does not exceed m*-¥, since f is an algebraic integer, whose norm! is 
therefore a non-zero rational integer. This gives 


[U0] <|[F]ms-t<m, 


and similarly for [V|. Thus M must be replaced by M+’, This entails 
various modifications later on. In particular, » must be replaced by some- 
thing depending on N, and the upper bound of § must be reduced. However, 
since the essential point appears to be that y-->0 as 5-0, and not the exact 
form of », the proof of the theorem goes through as before. 

ay the bottom of p. 137 and top of p. 138 the theorem referred to should 

4-8. 

Other minor points are that the last inequality of (50) requires more than 
m log (6, +1)< 8 log g, (as one might assume); on the other hand, the 
factor 1 +8 multiplying m at the top of p. 152 appears to be superfluous since 
it is gratuitously introduced in the preceding inequality. ; 

In Chapter 5 the question of transcendence is considered, Mahler's classifica- 
tion being introduced. This is applied to 7 and the exponential function. 
In particular a transcendence measure for e is obtained, where 9 is algebraic. 
A general theorem of Schneider is proved and applied to prove the Gelfond- 
Schneider theorem. 

Chapter 6 is devoted to Dirichlet’s theorem and the final chapter to t 
Prime Number Theorem. A complex function-theoretic proof is given, which 
is on classical lines except that (x) is studied directly rather than Cheby- 





——oo 
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shev’s functions ¥(x) and §(z). The result is extended to primes in arith- 
metical progressions, it being proved that 


1 x 
a(x; b, )~ FB) log a’ 


for large x and fixed k,l. The book concludes by estimating the number of 
integers less than x which are expressible as a sum of two squares. 

There are numerous problems and exercises on the more elementary parts 
of the subject, and the book is beautifully printed. It forms a valuable 
addition to the existing works on number theory. R. A. Rankin 


Colloque sur les questions de réalité en géométrie (Centre belge de recherches 
mathématiques). Pp. 190. 250 fr. 1956. (Thone, Liége) 

This report of the colloquium held in Liége during May 1955 opens with 
two introductory essays—one of them a reprint—by Montel on the almost 
unknown work of the Danish geometer C. Juel. To him is due the discovery 
that various properties of algebraic curves and surfaces depend not on their 
algebricity but on their order: the order of a plane curve or a surface in 
ordinary space being defined as the maximum number of its real intersections 
with a line. Juel’s remarkable results were, however, obtained on unneces- 
sarily restrictive hypotheses ; and an article by A. Marchaud in the present 
volume shows that many of the properties hold on the mere supposition that 
the manifolds in question are continuous. Further results, of a more abstract 
character, are described by O. Haupt. 

Next follow accounts by P. Vincensini and W. Fenchel of certain aspects of 
the theory of convex bodies. After this come articles on Harnack’s problem 
of circuits by L. Brusotti and V. Galafassi; the former, which contains a 
valuable bibliography, deals with curves, while the latter is mainly concerned 
with Comessatti’s work on surfaces. B. Segre contributes an exposition, an 
extended form of which can be found in his more recent publications, of 

dences between topological varieties. The book ends with a brief 
account by L. Santalé of density problems in integral geometry. L. Rot 


Algebraic Varieties. By M. Batpassart. Ergebnisse der Mathematik und 
ihrer Grenzgebiete, Neue Folge, Heft 12. Pp. ix, 195. DM. 36. 1956. 
(Springer, Berlin) 

Ee Pere? rane ws natyily taints to Pvstnenee Badtbenaet Sor 
the fantastic labours and the passionate devotion to his subject which can 
alone have rendered possible the production of this exciting book. They are 
the more indebted to him because of the astonishing speed with which the 
book was produced, which has enormously increased its value to them. 

The new developments of which account has been taken can only be 
hinted at here. There is the striking work on foundations, initiated by van 
der Waerden in the 1930's, and carried on by many authors since. This alone 
would fill a treatise, and in fact there is a highly condensed one by P. Samuel 


j 


by Segre: it is 
ifolds (the Chern 
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classes). On the topological and transcendental side the introduction of the 
new stack-theoretical ideas of Leray and the Cartan school has led to a major 
revolution—and another tract in this series by F. Hirzebruch. All this work 
is dealt with in Baldassari’s book. There is some explanation of what has 
been done, with an invaluable list of references: there is useful and helpful 
discussion of the interrelations of the various topics and their position against 
the classical background. The author is rightly proud of the achievements of 
the Italian school, whose results have sign-posted the routes now being 
followed. 

Of course, this book is not a final and definitive text: it is intended as a 
handbook for the research worker and a guide to the recent literature. It is 
for consultation rather than continuous reading. For all its inevitable imper- 
fections, of one thing we can be certain: it would have been beyond human 
industry and capacity to have produced a better book so quickly, and the 
speed of publication is especially valuable to those struggling to keep abreast 
of the present torrent of important work. D. B. Scorr 


Abelsche Funktionen und algebraische Geometrie. By F.Conrorto. Die 
Grundlehren der Mathematischen Wissenchaften, Bd. 84. Aus dem Nachlass 
bearbeitet und herausgegeben von W. Grésner, A. ANDREOTTI, M. Rosatt ; 
iibersetzt aus dem Italienischen von W. Grépner. Pp. xi, 276. 1956. 
Unbound, DM. 38.60, bound, DM. 41.80. (Springer, Berlin) 

This posthumous work is a revised version of an earlier book by Conforto 
published in Italy in 1942. The reviewer has not seen the original version, 
but from the account of it in Mathematical Reviews the two editions would 
seem to have much the same scope. From the preface to the volume under 
review it would appear that, while the general plan of the work is unchanged, 
the revisions have been extensive, especially in the later part of the book. 

The object of the book is to give an account of the theory of abelian func- 
tions and abelian varieties. The treatment is, quite deliberately, in the 
classical tradition, and there is no account of the modern abstract theory 
due to Weil. More surprisingly, there is practically no reference to the 
topological theory, and to the important work of Lefschetz. When this has 
been said, it should be added that, within its self-imposed limitations, the 
treatment of the subject is excellent. The exposition is conspicuous for its 
clarity, and for the careful way in which the motivation of the various steps 
in the argument is explained. ene 

The book is very well printed, and seems to be almost free from ts 
It is a valuable addition to the well-known “ yellow-back ” series, may 
be warmly commended to geometers who wish for an insight into this impor- 
tant and fascinating theory. J. A. Topp 


The Theory of Groups. By A. G. Kurosn. Translated from the Russian 
and edited by K. A. Hrrscn. 2 vols. Pp. 272, 308. $4.95, $4.95. 1955, 
1956. (Chelsea Publ. Co., New York) 

Gruppentheorie. Von Witnetm Srecut. (Grundiehren d. math. Wiss. 
Bd. 82.) Pp. vii +457. DM. 69.60. 1956. (Springer-Verlag, Berlin) 

Professor Kuro’ had completed the manuscript of his Teoriya Grupp in 
1940—and a typed copy of it was available at the University of Moscow— 
but it was published only in 1944. Though it became quickly effective and 
famous in the U.S.S.R. and earned its author the Chebychev Prize in 1946, 
the 3,000 copies that had been printed were soon exhausted. It went out of 
print before the western mathematicians had become aware of its existence, 
and a long time had to elapse before it became accessible in this country. 








————— ——— 
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In 1953 a second Russian edition appeared, greatly changed on account of 
the advances in the theory that the first edition had heralded and largely 
initiated, and also a German translation of the first edition, brought up to 
date by editorial notes and comments, an extended bibliography, an 
appendix on some recent developments. In 1955 the German translation was 
reprinted and an Hungarian translation of the second edition was published, 
containing also the appendix of the German translation in an even more 
up-to-date version ; and finally in 1955 and 1956 the long-awaited English 
translation of the second edition was published. 

There have long been many books on finite gro KuroS writes on groups 


P 
lattices, some sections on abelian groups, and an axiomatic study of the 
group postulates, included in the first edition had to be jettisoned in the 


range that the contents of the book, together with the copious references, 
well represent all the main directions of development in pure group theory. 
seater bo tannbbusad Oo the tdues iy gaa ltae’ eoeer ied i eedioots 
reader is introduced to theory by gentle stages. Everything is patiently 
explained, and in words rather than in formulas: the text always heavily 
outweighs the mathematical symbols. Unsolved problems are stated and 
ee weed Frm Pachirmen syed + 
problems an appraisal of important lines of future advance, has been 
omitted in the second edition, largely because it . 
Much work was done in the directions indicated by i 
problems were solved. Others remain as a challenge from the time of Burn- 
side, and new ones arise daily from the new advances. 

Some of the recent methods and results have not fi their way into 


: 
; 
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official agencies, institutions and colleagues for making his stay in the United 
States a pleasant one. 

The printing is good and misprints are not numerous, except in the addi- 
tional bibliography (Volume II). Many formulas have been taken by a 
photographie process from the Russian original, giving a slightly uneven 
effect ; this was done to save cost, and it is remarkable that the price of the 
translation is all the same more than six times that of the original. But even 
at this price the book is indispensable to serious students of modern group 
theory. 

The aims of Professor Specht’s book are different. It is not a text-book, 
nor @ reference book. The author’s stated aim is to “‘ make a selection from 
the gigantic abundance of results that will let the reader recognize the beauty 
of the theory and its manifold methods’. In this he fails: no reader will 
recognise the beauty of group theory in this book unless he is already well 
familiar with it. The style is extremely condensed, and full use is made of 
symbols and formulas. On many pages the formulas outweigh the text, and 
the demands made on the reader are invariably very high: he has to extract 
significance from pages after pages of intricate formal arguments, without 
any guidance as to the motivation and organisation of the theory. The 
emphasis is so even throughout that it is difficult to separate the important 
from the unimportant. KuroS’s book has grown out of lectures delivered in 
a live and vigorous school of group theory at Moscow University, and tested 
before a rather different student audience at an American university ; Specht’s 
book has crystallised from a lone, patient and thorough study of the modern 
literature on the subject. This is not to say that Specht’s book lacks origi- 
nality ; the author has devised a novel and systematic notational scheme, 
which has brought in its train a generalisation and unification of many diverse 
results, and has thus thrown new light on some aspects of the theory. 

There is naturally much overlap with the material treated in Kuro3’s book. 
Specht gives one of the more modern, simpler proofs of Kuro’’s own sub- 
group theorem for free products, and includes Takahasi’s formula; on the 
other hand, the extension theory follows the lines of Reinhold Baer’s investiga- 
tions, whereas the now more rewarding cohomology approach—included in 
Kuro’’s book—is neglected (‘‘. . . could not be taken into account any more ”’, 
but a few references from 1946 to 1949 are listed). The proof of GruSko’s 
theorem occupies half the space given by KuroS to the older proof. ; 

It is surprising to find in an otherwise so formal and systematic treatise a 
somewhat rudimentary system of references. There is an author index and a 
subject index, but no systematic bibliography. There are scant cross-refer- 
ences in the text, and no references to the literature at all: these are placed 
in a short appendix, together with a few remarks and hints for further read- 
ing. Many of the theorems are credited to their originators; but quite a 
few are not. Thus the theorem of Magnus confirming Hopf’s conjecture for 
free groups (p. 371) and Higman’s elegant example of a group ving 
Hopf’s conjecture for groups in general (p. 219) are left anonymous. 

2.2.24 (p. 217) is credited to H. W. Kuhn, and prefaced by a remark that no 
general subgroup theorem for free products with amalgamations has been 


; 
] 
; 
: 
: 
| 


type formula to this special case, which is, however, not given in the book. 
The book is ly printed: nothing less could be expected from the 
Springer-Verlag. are letters with superscripts with su ; 
subscripts (for example, p. 292), and not one of them out of place. Misprints 
are few : it looks as if the first three lines on p. 80 and the next four ought to 
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be interchanged ; in the statement of Theorem 2.1.17 the second suffix k 
should read k +1. The price of the book exceeds by about 50% that of the 
two American volumes. 

To sum up: i ee 
are to be commended and recommended as important additions to the group- 
theoretical literature. Kuro’ is an excellent introduction to the subject, a 
readable and attractive exposition of it, and a very useful book of reference, 
and can be recommended to student and expert alike. Specht is for the 
initiated only, but will repay with interest the hard work to be invested in 
its study. B. H. Neumann 


Fundamental Concepts of Higher Algebra. By A. A. Aubert. Pp. 156. 
1956. (University of Chicago Press) 


This little book presents a remarkably clear and concise account of the 
theory of algebraic extensions of a field, including the version of Galois theory 
evolved by Artin, and a new exposition of the foundations of finite field theory 
making extended use of Galois and group theory. The classical lem of 
establishing the existence of the roots of unity in a given finite field is obviated 
by the introduction of the theory of splitting fields ; a field K is said to split 
a polynomial 4(¢) in an indeterminate + over a field F if may be resolved 
into its linear factors in K, any two splitting fields being i 

The treatment of logical questions in the foundations pega nema is much 
more satisfactory than in most texts on modern algebra. There is, for 
instance, none of the usual vagueness about indeterminates. An element x 
of a ring A is said to be scalar with respect to a subset B of A if br =2xb for 
every element b of B; x is said to be algebraic over B if there exists elements 
b,, 5,, ....6, not all zero, and in B, such that 6, +6,2+...+b,2"=0. An 
indeterminate over B is a scalar which is not algebraic over B. Thus for 
instance the real number e is an indeterminate over the ring of integers as 4 
subring of the ring of real numbers. 

The axioms for a group are taken to be : 


1. Multiplication is associative. 
2. For all a, 6 of the group the equations 
ax=b, ya=b 


These axioms are slightly weaker than in some well-known accounts of 
ee ent ens ene oaayaanaye) 
the symmetry of the assertion that each question az =b, ya=b has a 
clution i preferable to tho altemative postlation of @one-aded unit and 
coubeaeileneciganemn ead A rng aa 
runs as or every a ( group 

den catidatenlotteam dee 


ea =af =a. 


wha eewapeg Sealine eed ekeee ane togend apenes eapepen se 
g= eg=g every g ( e not depend g, upon 
arbitrarily chosen a), Hence ef =f =e and so eg =ge =g for every g. 

The conclusion does not ne ee ee 
genes cea reales ene HERI Spence the equation gf =g. 
The proof may be completed as follows. Let g be any member of G, and let 
besslely tong, tems SGfhiabewticddvamhen otal Seater. 

R. L. GoopsTsin 
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Combinatorial Topology. Vol. 1. By P. 8. Auexsanprov. Pp. xvi +225. 
$4.95. 1956. (Grayleck Press, Rochester, N.Y.) 

Alexandroff and Hopf’s Topologie, published in 1935, remains the classical 
exposit‘on of the geometrical or “‘ combinatorial ” topology, which lies mid- 
way be::;ween the general theory of topological spaces, and modern homology 
theories in which only a trained eye can detect the vestiges of i 
notions. Though no longer in the height of fashion, geometrical topology 
continues to flourish (see, for example, the report of the Madison Summer 
Colloquium on the subject in 1955). The issue in English of Alexandroff’s 
revised version of “* Alexandroff and Hopf ” is therefore welcome, since there 
is no equally thorough treatment which keeps geometrical ideas so constantly 
and clearly in view. Although written in 1941 (published 1947) the book is 
still an excellent introduction to its chosen subject. This is particularly true 
of the volume under review, which contains the combinatorial but non- 
algebraic preparations for geometrical homology theory. 

After a first chapter on topological spaces, which inevitably differs little 
from chapters to be found elsewhere, there follow two introductory chapters 
intended to serve as preliminary samples of topological reasoning. For this 
they are not very suitable, since both will be found heavy going by most 
readers. The first (Chapter II) contains the Erhard Schmidt proof of the 
plane Jordan’s theorem, a proof, published fourteen year after Brouwer’s, 
which enjoys an esteem not well understood by the reviewer. It here occupies 
26 pages, nearly twice the space needed to develop ab initio the more trans- 
parent algebraic arguments. Chapter III is on the classification of surfaces. 
The care bestowed on every detail of a rigorous theory of “ cutting and stick- 
ing *’, with fully worked-out examples, makes it excellent workshop practice 
for the later chapters ; but 50 pages is rather much, especially as the method 
does not (like Brahana’s) lead to simple computing rules for a polygon with 
arbitrary identifications. 

With Chapter IV, on complexes, the main theme is taken up. Here will 
be found an ample and leisurely discussion of the geometrical groundwork of 
polyhedral topology, including a full discussion of simplicial subdivision. The 
properties of convex cells required for the theory of general polyhedral 
a ap a vem aa Re Sagi Slt 

the final chapters this seemingly elementary apparatus is shown 

adequate, first for a proof of Sperner’s Lemma, and hence of the Lebesgue 
Pavement Theorem, and the fixed point theorem for a simplex ; secondly 
for quite an extensive part of the theory of dimension. With the Lebesgue 
definition, in terms of the order of open coverings, as basis, there are estab- 
lished, among others, the Alexandroff theorems on «-maps and ¢-displace- 
ments of an n-dimensional space into an n-dimensional polyhedron ; the 
ernbedding theorem ; the sum-theorem ; and the relation of the Lebesgue 
to the Menger-Urysohn recursive definition. " 

This volume, which (after the preliminary chapters) has a lighter and easier 
style than “ Alexandroff and Hopf”, can be warmly recommended to a 
student wishing to make himself thoroughly acquainted with the geometrical 
concepts on which topology is based. 

The translation is excellent, but the reader should notice that on p. 42 and 
elsewhere “ circle ” means disc and “ circumference *’ means circle. 

M. H. A. Newman 


Information Theory. Third London Symposium. Edited by Coumy CHERRY. 
Pp. xii, 401. 70s. 1956. (Butterworth, London) 

The volume includes in shortened form all the papers and discussions of the 
1955 London Symposium on Information Theory. The 35 papers range over 
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most of the fields of research to which the concepts of the mathematical 
theory of information are now being applied, and they include the foundations 


of the theory itself. 
It must be i that these papers are contributions offered by 


Symposium. 
popers art polished presentations of completed work intended fr lnyme 
but tentative and formulations of new approaches to difficult 
problems, and they invite criticism. If the mathematical reader avoids being 
ensnared by the dubious speculations on meaning and knowledge, he will find 
SS ee ee eee 
pursuit. . C. Brooxzs 


) 

This is a translation into German by J. Naas of the book by Pogorelow 
which first appeared in Russian in 1952. The whole book is essentially con- 
cerned with a proof of the general rigidity theorem for closed convex surfaces 
which states: “If two closed convex surfaces in Z* are related by a 1-1 
mapping so that corresponding curves have equal lengths, then the surfaces 


sata Gualieets ai aeceaneec taeda tease enaaimanie none 
} bic - . : ; : 


regularity condition was relaxed to twice differentiable and the hypothesis of 
positive curvature was discarded. In 1947, A. D. Alexandrow gave a similar 
proof when the regularity conditions were further relaxed to once differentiable 
together with a Lipschitz condition. 

From 1940 onwards A. D. Alexandrow and his school at Leningrad have 
written @ series of papers introducing new methods of research in differential 











: The proof is long and rather complicated, and depends upon contradictions 
; which are shown to arise from the existence of two non-congruent isometric 
: closed convex surfaces. 

Although primarily intended as @ research tool for investigating properties 
of surfaces which lack appropriate ‘ ‘smoothness’, these new methods 
together with the general rigidity theorem can be used to solve important 
in the realm of classical differential » results which, 
sianion of thas tea anaes n For this reason alone 
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Variationsrechnung und Partielle Differentialgleichungen erster . 
Volume I. By C. Canatruzopory. 2nd Edition. Pp. 171. 1956. 14 DM. 
(Teubner, Leipzig) 

The first edition of this famous book was reviewed by Whitehead in Gazette 
XIX. The second, edition has been prepared by Professor E. Holder, who 
has added an account of Sophus Lie’s theory of continuous groups of trans- 
formations, and Cartan’s theory of outer multiplication and differentiation 
of differential forms. R. L. G. 


Introduction to Mathematical Logic. Volume 1. By Atonzo CuuRos. 
Pp. 376. 1956. (Princeton University Press) 

This is a revised and much enlarged edition of a book in the Annals of 
Mathematics Studies, published in 1944, by the best-known of the American 
Logicians. Church was the first to prove that pure predicate logic is undecid- 
able, and gave to the decision problem a precise significance which had till 
then been lacking. The present volume, however, deals only with proposi- 
tional calculus and functional calculi of first and higher orders, leaving to a 
projected second volume such topics as Gédel’s incompleteness theorem, 
recursive arithmetic and axiomatic set theory. 

The book opens with a long introduction which discusses Frege’s famous 
theory of sense and denotation (somewhat dogmatically) and draws careful 
distinctions between the ways in which words are used in sentences. The 
identification (p. 17) of functions which have the same range and the same 
values for the same arguments, taken over from Frege, promises to give rise 
to difficulties in volume 2, when dealing with Godel’s inco: theorem, 
since Godel showed that there are functions f(z) which vanish for each value 
of x but are not identically zero in the sense that the equation f(x) =0 is 
unprovable (in the system in question). 

Though no previous knowledge of mathematical logic is assumed, this is 
not a book for a beginner. It is written with great scholarship and loving 
attention to detail, but lacks the genial ic style of the famous Hilbert- 
Bernays Grundlagen der Mathematik. e beginner could, it is true, read with 
pleasure and profit the numerous historical and bibliographical sections 
which form so important and valuable a feature of the book, but for a first 
account of the propositional calculus he would be advised to look elsewhere. 

In less than four hundred pages a survey of propositional and functional 
calculi must necessarily be highly selective. Church has chosen to concen- 
trate upon a few central theories and has been obliged to content himself 
with brief reference in examples to such topics as Gentzen’s logic of natural 
inference and many valued logics. 

In the account of Gédel’s completeness theorem, both the original form of 

roof which Gédel loyed and the method which was introduced by 
i oak ivan loa Tol the version of Henkin’s proof is not, however, as 
simple as one which has recently been given by Barkeley Rosser. 

There are several interesting references to the non-effective character of 
many famous proofs in logic, for instance, Gédel’s own proof of his complete- 
nous theneend and hk exttbinen of ananiiral anata. tankda ’s version, Church 
appears to have abandoned the position of his 1934 in the American 
Journal of Mathematics that general recursiveness not constitute an 

isation of the notion of effectiveness, or rather to hai 


procedure for ing something should not be called ive 

Sealants Ginter hour te a that will be required, yet 
it seems not that such a characterisation is to be found in the theory 
of ordinal recursions. 
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Regn sarees pan Ceres SY a eee oe ee ea 
By 8. Sromow. 2nd Ed. Pp. xvi, 194. Fr. 2,400. 1956. (Gauthier-V > 
Paris) 

The first edition of this bock appeared in 1937. The second edition is 
unchanged from the first, apart from: four small notes at the end which are 
eee ee ee 

since the first edition 

The great achievement of the waar has been to lay bare the topological 
properties of analytic functions and in particular the invention of the interior 
transformation. This is a mapping of one space into another which is con- 
tinuous, and transforms (a) open sets and (b) compact continua into corre- 
sponding sets in the image space. It is clear that an analytic function has 
these properties. Conversely, the author shows that any interior transforma- 
tion from one plane into another is equivalent to a topological transformation 
in each plane together with an analytic transformation from one plane to the 
other. Thus the invariance of sets oi’ type (a) and (6) is sufficient to charac- 
terise the analytic functions among the continuous ones topologically. It is 
also shown that neither (a) nor (b) alone is sufficient for this p 

The above fundamental theorem forms the subject of Chapter 5. Naturally 
a good bit of introduction is necessary before its proofs can be carried through. 
In Chapter I we find basic topological notions leading to the theorems regard- 
ing the invariance of dimension and open sets in a topological mapping of 
Euclidean . Much of the book is also taken up with Riemann surfaces 
and le surfaces in general. The approach of the author to Riemann 
surfaces is concrete rather than abstract. He regards the Riemann surface 
in the first instance as a generalisation of the notion of the Riemann surface 


complex orientable analytic manifold. In this case each point on the R.S. is 
no longer necessarily associated with a definite point on the Riemann sphere. 
Such an association can, of course, be brought about by constructing mero- 
morphic functions on the abstract Riemann surface, as was first done by 
Poincaré, and after that the two definitions become equivalent. 
ood ae Betray meteors cg me: in dharmcqeel vem gt ag hk am 
covering surface as its Riemann surface. The Riemann surface of a function 
here consists of all power series elements obtained from a given element by 
analytic continuation with the obvious 

In ters III and IV we find a topological classification of Riemann sur- 
faces a proof that every triangulable and orientable surface becomes 4 
Riemann surface on introducing a suitable to; The general closed 
surface is shown to be the “ sphere with k * having genus p. Two 
Coat eerie ee Sree ahr mene er Oerarear saws seteeee 8one- 

le correspondence between their ideal boundary elements and they have 
the same genus, finite or infinite. poh order ameter ye bad uneeaaa 
asa with a finite or infinite n of handles and holes. 

In V we have the fundamental theorem on interior transformations 
and in Chapter VI some ces of it. It is in this last chapter that one 
might perhaps wish that the author had kept his readers informed of develop- 
ments since the first edition. Thus on p. 125 the author states as an open 

the construction of a univalent function with a totally discontinuous 
perfect set of singularities. There is a footnote on how M. oy thinks this 
might be done, but no reference to the fact thet Ahifors and Bearling i 
in Acta Mathematica 83 (19650). Pras 

Cartwright and Collingwood on the general subject of this book. Only a 
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paper by Heins on the interior mapping of an orientable surface into the 
sphere is referred to. 

Stoilow’s book is still very frequently referred to by all those working on 
the borderline between topology and function theory. The book may be 
regarded as the basic manual in this region, and those libraries and institu- 
tions who are interested in the field but do not the first edition will 
welcome the present opportunity to acquire this book. W. K. Hayman 


Matrix Calculus. By E. Boprwic. Pp. 334. 26.50f1 1956. (North-Holland 
Publishing Company, Amsterdam) 

This is not “‘ just another ” book on matrices and linear algebra. On the 
contrary: the emphasis lies on the word calculus. It is the first modern 
treatment of the subject, written entirely from the viewpoint of practical 
applicability. The three central problems connected with matrices that occur 
in computing practice are the solving of linear equations, the inversion of 
matrices, and the finding of eigenvalues. (They are, of course, not indepen- 
dent of each other.) To each of these problems one separate part of the book 
is devoted. The reader will find a wealth cf information on the many methods, 
both direct and iterative, that have been proposed and have been successfully 
applied in practical work. The treatment by automatic machines, punched 
cards and electronic computers is fully covered, each time with an extensive 
discussion of the preliminary transformations that will make the problem 
more amenable to machine computation, and with estimates of the numbers 
of operations to be performed. The author gives a critical assessment of the 
advantages and disadvantages of the various processes. 

The first part of the book contains a rapid, if somewhat condensed, survey 
of the underlying theory. The matrices all have their elements in the field of 
real or complex numbers. The operations are described rather elegantly by 
@ systematic use of pre- and post-multiplications by suitable unit vectors and 
matrices. Emphasis is again laid on numerical checks of the computations 
to be performed and on estimates of the errors both inherent and accidental. 

The book does not have much in common with the standard undergraduate 
University course in Linear Algebra. It is all the more valuable in an advanced 
course on numerical methods and will be an indispensable source of informa- 
tion for the “‘ matrix engineer " who has to tell the automatic machine what 
SR gIROE So. Ree fee Fe ees See See ee 


Structure of a Group and the Structure of its Lattice of Subgroups. By M. 
Suzuxr. Pp. 96. DM 16.50. 1956. (Springer, Berlin) 

This slim volume is part of a new series of group-theoretical r 

edited by R. Baer, within the framework of the Ergebnisse der Mathematik. 
It contains a complete survey of all that is known at present about the lattice 
of subgroups of a given group. The history of the ication of lattice 
theory to group theory can be said, somewhat paradoxi , to date back to 
1928, long before the birth of lattice theory Bem ont It was then that Ada 
Rottlander discovered that two finite non ian groups with isomorphic 
subgroup lattices or, as it was expressed at the time, with precisely the same 
subgroup “ situation ” nevertheless need not be isomorphic. This cannot 
happen if one of the two groups is finite and abelian. Around this theme the 
main problems of this somewhat remote branch of group theory have been 
developed : What can be said about the structure of a group if its lattice of 
subgroups is subjected to certain restrictions (for example, the distributive 
or the modular law)? What classes of groups are determined to within iso- 
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morphism by their subgroup lattice? (This is the case, for example, in abelian 
groups of rank not less than 2, in free groups and free products, ete.) 

The book gives, as mentioned above, a full report of the results obtained so 
far, with proofs of the major theorems. The author himself has been a suc- 
cessful contributor to the theory and can draw from unpublished work. But 


programme. The short hey-day of lattice theory is now over, and the theorems 
quoted in this volume are certainly not very exciting. This judgment is, of 
course, an expression of taste and may not be shared by others, 
especially those (few) who work actively in the field. K. A. Hiscu 


Die Theorie der Gruppen von endlicher Ordnung. By A. Spriser. Vierte, 
erweiterte Auflage. Pp. 207. Fr. 26. 1956. (Birkhéuser, Basel) 

The first edition of this famous book, in the “ yellow” series of mathe- 
matical monographs of the Julius Springer Verlag, is 35 years old. Further 
editions appeared in 1927 and 1937 and a photographic reproduction in the 
United States in 1945. During this long period many new branches have 
been added to the general theory of groups, some of which now stand in the 
centre of the research interests. But since Speiser’s book contains some valu- 


Klein the automorphic functions. A few 
of the possibilities are in the text, and a pretty printed 
in seven colours, shows a fascinating geometric representation of the simple 
group of order 168. Hirscu 


in die Verbandstheorie. By H. Hermes. 164. DM. 19.80. 
1055. (Spreager, Berlin) 7” 
This book a straightforward, well-written account of the theory 
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a detailed account of the lattice of linear sub-spaces of a projective 
given, culminating in a lattice-theoretic hansiiahestaation, 9mm a. 
The second topic of the chapter is the lattice of congruence relations on an 
abstract algebra with a unit, this being a modular lattice if the congruences 
are permutable. The theory is developed as far as a form of Zassenhaus’ 
Lemma and the related form of the Jordan-Holder Theorem. The chapter 
closes with a brief account of the theory of linear dependence from the lattice 
theoretic point of view. 

The fourth chapter is a study of distributive lattices and Boolean Algebras, 
and their representations, while in the last chapter a number of special topics 
are discussed. D. Ress 


The Construction and Study of Certain Important Algebras. By C. CuevaLLey. 
1955. The Mathematical Society of Japan. 

This little book contains the substance of a series of lectures given by 
Professor Chevalley in the University of Tokyo in the Spring of 1954. It is 
an account in extremely abstract terms of the elementary theory of certain 
algebras over Pancras rings (the added generality in Chapter I, where 
the ring of scalars is not assumed to be commutative appears to the reviewer 
to be spurious, since the algebra axiom a(ry) =(axr)y =2z(ay), La ape’ asi 
scalar and x, y are elements of the algebra, implies by taking x = . 1, where 
1 is the unit of the algebra, that «8 . y=fa . y forall y in the ra, 80 that 
the ring of scalars is effectively commutative). 

The first cha; ter is concerned with graded algebras for the most part, but 
commences with an account of the free “ algebra" with a given set of gene- 


i algebra 
(commutative) ring A with additive degree group D is an algebra E which 
additively is the direct sum of A-modules Z,, where d= D, and subject 
the condition that Hy .£,=-H,,4. The end of the chapter is de 
study of derivations of # into another graded algebra EF’ 
degree group, relative to a sub-group D + of Dof index 2. This is a generalisa- 
Sees oo Sie See Se Series Semen oe ee ee eee 


tensor algebra 7'(M) of M over A is the unique algebra with the property 
that it contains M, is generated by the elements of M and such that every 
module of M into an A-algebra £ can be extended to a ring 


quoti a 

the elements 2*-/(x).1. If f(z) =0 identically, this yields the exterior 
Saneeae Tie two chapiers contain o numberof gonerlimtions of rout 
familiar in the theory of forms, as well as brief indications of the 
relationship to the theory of determinants and spinors. D. Rass. ? 
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Vorlesungen fiber héhere Mathematik. PartI. By A. DuscueK. 2nd 
Edition. Pp. 440. 81s. 6d. 1956. (Springer, Vienna) 

The first edition of this book was reviewed by T. A. A. Broadbent in Gazette 
XXXIV, 145. A thorough revision has been undertaken for the new edition 
some chapters having been completely rewritten, the better to achieve the 
author’s aim of a presentation which shall be as clear and intelligible as 
possible without the smallest sacrifice of rigour. The principal change which 
has been made is to bring the chapter on infinite series into Part I, and to 
transfer the theory of probability to Part IT. 

The book achieves its objectives very successfully. The treatment is thor- 
oughly sound and trustworthy and nothing seems to have been forgotten. 
Every discussion is clear and intelligible, and presented very skilfully. As an 
example of the text’s thoroughness one may mention the proof (p. 75) that 
f(x) is continuous at x, if f(x,)—+f(x,) for all sequences x, which tend to z, ; 
that it suffices for the theorem for f(x,) to be just a limit point of f(z,) is not, 
however, stated. There are many attractive new variants of proofs of elemen- 
tary theorems, for instance the proof (p. 347) that the terms of an absolutely 
convergent sequence may be rearranged without disturbing the sum, and the 
proof (p. 317) of the Descartes rule of signs for polynomials with real coeffi- 
cients. By and large, however, the treatment is more noteworthy for accuracy 
than for elegance. 

There are numerous biographical details included about the principal 
authors cited in the text. It is pointed out that the rule 

tim £0) tim L), 

ea 9(%) ara 9 (2) 
usually attributed to Hermite, was in fact discovered by Bernoulli, but 
Cardan is given the credit for Tartaglia’s formula for the roots of a cubic. 

The contents of this volume include the real number system (with a f 
of Dedekind’s theorem, but lacking an account of the arithmetic of real 
numbers), bounds, limits and convergence ; continuity and differentiability, 
mean-value theorem and Taylor’s theorem; the elements of the theory of 
Riemann integration, properties of the elementary functions; differential 
geometry ; roots of polynomials, finite differences and interpolation, the 
theory of series including Fourier series. As for the introduction of the 
elementary functions, the logarithmic function is defined by the integral 
f(1/dt and the exponential function as the inverse of the logarithmic 
function, but surprisingly and disappointingly the author contents himself 
with a geometrical definition of the circular functions. R. L. GoopsrEern 


Automata Studies. Edited by C. E. SHannon and J. McCarray. Annals 
of Mathematics Studies, Number 34. Pp. 286. 1956. (Princeton University 
Press ; Cumberlege, London) 


Kleene, dealing with the analysis of events in “ nerve-nets by elementary 
mathematical logic. A nerve-net, for the purpose of the analysis, is an arrange- 
ment of a finite number of neurons (nerve cells consisting of a soma from 
which nerve fibres lead to end bulbs) in which each end bulb of any neuron 
impinges on the soma of not more than one neuron. Each end bulb is either 
excitatory or inhibitory. Neurons on which no end bulb impinges are called 
input neurons. At equally separated moments of time each neuron of tho 
net is either firing or quiet. Inner (not input) neurons fire at time ¢ if a certain 
number h (called the threshold of the particular neuron) of the excitatory end 
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bulbs and none of the inhibitory end bulbs impinging on it belong to neurons 
which fired at time ¢~1. The following diagrams illustrate the way in which 


—=a—-  =—-— a_D— 


elementary neurons may be interpreted logically. These diagrams (leading 
from left to right) depict respectively a threshold 2 neuron with two excita- 
tory inputs, a threshold | neuron with two excitatory inputs and a threshold 
1 neuron with one excitatory and one inhibitory input. The diagrams may 
therefore be taken to represent, in turn, logical conjunction since the first 
neuron fires at time ¢ if and only if both inputs fire at time t-1; logical dis- 
junction since the second neuron fires at time ¢ if either of the inputs fires at 
time ¢-1; the proposition a and not-b (i.e. a does not imply 6) since the 
third neuron fires at time ¢ only if a fires and b does not at time ¢ — 1. 

The second set of papers deals with Turing machines, which are automata 
with unlimited memories. The accounts of these machines in these essays 
are remarkably clear and afford an excellent introduction to the theory. 
Shannon’s paper shows that a universal Turing machine, a machine which 
carries out the operations of any assigned machine when supplied with the 
eode number of that machine, can be constructed with only two internal 
states, or alternatively with only two tape symbols. Other papers consider 
the effect of introducing random elements in machines. 

The third set of essays is concerned with the design of automata which will 
simulate (in some sense) the operation of the human brain, and with the 
problem of concept formation. R. L. GoopsTEIn 


Problems and Techniques of Applied Mathematics. By B. FRIEDMAN. 
Pp. ix, 315. 64s. (John Wiley, New York ; Chapman and Hall, London) 

The subject of this book is the theory of operators in linear spaces and its 
application to the theory of the differential operators of applied mathematics. 
Two chapters, on Linear Spaces and on the Spectral Theory of Operators, 
are devoted to the abstract theory ; three, on Green’s Functions, Eigenvalue 
Problems of Ordinary Differential Equations, and Partial Differential Equa- 
tions, respectively, to the applications. 

The author has written his book explicitly for the applied mathematician, 
and his object has been to make the subject accessible to him. For this 
reason he has consciously written the abstract portions of the book with a 
standard of rigour lower than that to which one is accustomed in expositions 
aimed at pure mathematicians, though definitely higher than that usual in 
many books on quantum theory in which this subject is discussed. His 
method of exposition in this part of the book is semidescriptive : thus, in the 
chapter on spectral theory, a fairly complete account of the spectral theory 
in finite dimensional spaces is given, and is used as an analogy for the situation 
for operators in function spaces ; some of the theorems for these spaces are 
proved in appendices, others are left unproved. 

On the whole the author has carried out his aims very successfully. There 
are perhaps some points at which greater rigour, and more definition, would 
have been helpful even to, say, a physicist ; for example, in the first chapter 
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particular cases of convergence in an infinite dimensional space are discussed 
without any criteria being given as to what constitutes con in the 

Another rather unhappy compromise is that of using the formula for 
the scalar product in a real Hilbert Space, while allowing the space to have 
complex scalars ; a procedure which would, if adopted consistently, make it 
impossible to talk of the limit of a sequence in the space. Certainly, the 
author avoids the pitfalls which lie on this way of exposition ; and is careful 
to state his formal theorems for real scalars only ; but this technique does 
seem to risk confusing the less wary reader. 

The sections on differential equations are well done, a considerable number 
of examples being given to illustrate the theory. The delta function is used 
for the construction of the Green’s functions, and its use is justified by an 
appeal to the theory of distributions. The explicit solutions of eigenvalue 
problems are carried out by the method of contour integration, following 
Titchmarsh. 

The book is well produced, and has an adequate index. It can be recom- 
mended to Applied mathematicians not interested in a rigorous account of 
the abstract theory and to pure mathematicians interested in the icati 
and prepared to supply the rigour. J. B. L. Coopzr 


Topological Dynamics. By W.H. Gorrscuatx and G. A. Hepitunp. Pp. 
v, 151. $5.10. American Mathematical Society Colloquium Publications, 
Vol. XXXVI. 1956. 

Few prospective readers will expect to find in this book any close con- 
nection with the studies of rolling bodies and vibrating strings which dynamics 

to most of us ; these connections, the authors explain in the preface, j 
are historical, and the book has little mention of physical dynamics. H 

The most general view of a dynamical system in classical theory is that i 
which regards it as represented by a point in its phase space ; the equations 
of motion of the system, in the canonical form, govern the motion of the 
representative point in such a way that the position of the point at one instant 
of time determines completely its position at all later (or earlier) times. The 
aggregate of all possible states of a system is then represented by a cloud of 
points, and these points move in time rather like the particles of an incom- 
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of development presented by the ninth volume in the Colloquiuim series, that 
of G. D. Birkhoff on Dynamical Systems. It is written in a style which is very 
precise and accurate, but extremely terse : one might almost say telegraphic. 
Definitions and theorems are given and proved in a highly abstract style, 
with little explanation of their meaning, save for references to the literature 
at the end of each chapter. Prerequisites for its reading are an acquaintance 
with the topology of Bourbaki and with the elements of the theory of topo- 
logical groups. A bibliography and index are provided. J. B. L. Coopmr 


The Mathematics of Diffusion. By J. Crank. Pp. vii, 347. 50s. 1956. 
(Clarendon Press) 

This is a big book, and of an unusual kind. It is written by an industrial 
mathematician, and is solely concerned with solutions of the standard dif- 
ferential equation of diffusion 

div (D grad C) = 8C/at, 

where D is the diffusion coefficient and C the concentration. The reason for 
the importance of this equation is that it occurs in all processes where two 
liquids mix together, and also in such processes as the freezing of water, 
where the boundary moves at a rate proportional to the rate of freezing. Dr. 
Crank first deals with the equation in which D is constant, showing how both 
the method of separation of coordinates and the Laplace transform may be 
used to give solutions for linear, cylindrical and spherical flow. Then he 
allows D to vary, continuously or discontinuously, with C, and introduces 
moving boundaries. The analysis is everywhere exceedingly clearly set out, 
and in no other account that I can remember is there so firm a convention 
that every result obtained theoretically must immediately be shown graphi- 
cally, and in such detail that a mere experimenter could make use of it, even 
if he didn’t understand the processes by which the result was obtained. To 
& person not actively concerned in diffusion problems, there is a certain dull- 
ness about the book ; but this is inevitable in a specialised account when the 
author is anxious to leave nothing out. It is also rather inevitable that in 
the first part of the book, where the author is describing the methods of 
solution of the diffusion equation, there should be a good deal of overlap with 
the books by Carslaw and Jaeger. But this is a very clear account which, 
while not being particularly suited to undergraduates, may easily pro 
invaluable to the growing number of mathematicians who are now en’ 
industry, and having to tackle problems of a similar kind to those 

here. The layout and printing of this book are t. When I think 
of what these long formulae might have looked like, I am glad that this is an 
Oxford book! C. A. Coutson 


Théorie Générale de 1’Equation de Mathieu et de quelques autres equations 
differentielles de la mecanique. By R. Campseri. Pp. 271. 2,400 Fr. 1955. 


This book on the general sr ject of Mathieu Functions approaches the 
subject in quite a different manuer from that of MacLachlan’s treatise on the 
same subject and is a valuable addition to the literature in this field. The 
main aim of this book is to explore ly the several new techniques 
have been developed for the study of Functions and to exploit these 
techniques in the investigation of allied differential 

A valuable feature of the book is its presentation at end of each chapter 
of & complete set of tables summarising the results of the and in this 
field, where the number of solutions is so large, these provide useful concise 
information. It is to be regretted on the other hand that the large number of 
errata occupying two pages at the beginning of the book could not have been 
pote aplenty Daag 
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Modern Mathematics for the Engineer. Edited by E. F. Brcoxensacn. 
Pp. 514. 56s. 6d. 1956. (McGraw-Hill) 

This volume contains 19 lectures on branches of modern mathematics 
given in a series of lectures arranged by the departments of engineering at 
the University of California. The lectures are by many distinguished mathe- 
maticians, including R. Courant, 8. Lefschetz, N. Wiener, D. H. Lehmer, 
I. 8. Sokolnikoff, and R. Bellman. The emphasis in most of the articles is on 
numerical methods and linear approximations, but there are some remark- 
ably good expositions of underlying theory. 

Especially noteworthy for their clarity are the lectures on the Calculus of 
Variations by M. RK. Hestenes, on the Theory of Games by H. F. Bohnen- 
blust, on the Theory of Dynamic Programming by R. Bellman, on Matrices 

in Engineering by L. A. Pipes, and on Relaxation Methods by G. E. Forsythe. 
Lekeoae’ s lecture on High Speed Computing Devices makes some interesting 
comparisons between analogue and digital computers, but is disappointingly 
brief on the subject of machine programming. 

Pep yd of the articles have historical sections and valuable bibliographies. 

peed sug itiatin gh Abas vipa pm a ws ate a pale 
an impressive survey of a very wide range of mathematical methods 
R. L. G. 
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SOUTHAMPTON AND DISTRICT BRANCH 
REPORT FOR THE SESSION 1956~1957 


The beginning of this session was marred by the sudden death of our 
Secretary, Dr. F. G. Maunsell, who had served the Branch for a period of 
about twenty years. A small presentation was given to his widow in token 
of our appreciation of his work for the Branch and Association. This delayed 
initial arrangements and as a result we only had five meetings this year 
instead of the usual six. 

Thursday, 15th November, 1956. The meeting was preceded by the 
Annual General Meeting of the Branch when the following were elected as 
members of the Committee for 1956-1957: President, Dr. L. J. Stroud ; 
Vice-President, Mrs. W. 8. P. Edmunds ; Secretary and Treasurer, Mr. J. C. F. 
Fair University Representative, Miss N. Walls, also Miss P. M. Pickford, 
Mrs. M. Laing and Mr. T. A. Jones. Then our President, Dr. L. J. Stroud, 
read a paper on “‘ The Place of Mathematics in the Grammar School Cur- 
riculum ”, in which he showed that the development of basic skills is an 
essential prerequisite of the desired progress towards the power of generalisa- 
tion. 

Thursday, 7th February, 1957. Miss E. M. Spark talked about ‘“‘ Some 
Experiments in General Mathematics for the Non-specialist ’’, basing her ideas 
on her experience with Training College students of all grades. 

Tuesday, 19th March, 1957. Mr. A. R. Pargeter gave an illustrated talk 
on “ Plaited Polyhedra”’, in which he demonstrated the plaiting of neat 
firm solids without the use of glue! His models were eagerly examined after 
the meeting. 

Tuesday, 14th May, 1957. Dr. D. M. A. Mercer gave a demonstration 
lecture on “ Noise and its Measurement ’’. This was illustrated visually, as 
well as audibly, using a cathode ray oscilloscope and an octave band analyser. 

Tuesday, 25th June, 1957. A report of the “ Conference of Industrialists 
and Teachers of Mathematics ” held in Oxford at Eastertime was presented. 
This took the form of a symposium by three members of the Branch, Mr. 
R. G. Taylor, Miss H. Bromby and Mr. T. A. Jones, and was followed by a 
lively discussion. 

The Branch now consists of 32 Members and 20 Associates; and has an 
average attendance of 38, which includes visitors who see the meetings 
advertised in the Local Education Circular. 

J. C. F. Fam, Hon. Sec. 


NOTTINGHAM AND DISTRICT BRANCH 
REPORT FOR THE SESSION 1956-1957 


The Annual Meeting was held on 3rd November when short papers were 
presented by members after the formal business had been concluded. Dr. 
Power spoke on “ Introducing Vectors”, Dr. Jackson on “ Mathematical 
Difficulties of First Year University Students ’’, Mr. Reynolds on “ Laplace 
and Lagrange ”, and Mr. Buckley on “ Introducing Mechanics ”’. 

The Spring Meeting took the form of a One Day Conference held on 9th 
March at Nottingham University. The speaker at the morning session was 
Mr. M. J. Moroney on “ Uses of Statistics in Industry”. In a lively and 
stimulating way he presented a picture of the demands made on Industrial 
Statisticians, pointed out the difference between theoretical methods and the 
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more experimental commonly used in Industry, and drew on his 4 
own wide experience names yoann The afternoon session was devoted ne 
to a discussion on “‘ The Place of Formal Geometry in the School Curriculum ”, NB 
which was introduced by Mr. Parr, who defended the flexibility of treatment is 
allowed by the Alternative Syllabuc. Mr. Fleming deplored the fact that ree 
P pupils could now pass the G.C.E. examination knowing little formal Geo- hee 
metry and felt this to be a pandering to mediocrity. Geometry had @ unique ree 
- value in developing style and elegance accompanied by a sense of satisfaction. HE 
A general discussion followed. 
is At the Summer Meeting on 27th June Mr. Griffiths spoke on “ Careers for 
Mathematicians ” and described the kind of work available in Industry for 
the man who combined engineering knowledge with mathematical skill. He 
spoke of the difficulties experienced by many in the transition from the exact- 
ness of University Mathematics, and suggested some changes of se 5 afi in 
the School curriculum which would help future industrial mathematicians 

The Officers of the Branch were : 

President, Dr. G. Power; Vice-President, Mr. K. R. Imeson; Treasurer, 


Mr. C. R. Swaby ; Secretary, Mr. F. E. Chettle. 
F. E. Cuerrze, Hon. Sec. 
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| CARDIFF BRANCH 
k REPoRT FOR THE SESSION 1957-1958 


LL, A OMT oS 


Officers : 

President, Dr. D. G. Taylor; Treasurer, Mr. R. A. Jones; Secretary, 
Mr. W. H. Williams. 
Meetings : 

Monday, 14th October, 1957. Mr. R. A. Jones of the Howardian High 
School gave an address on “‘ Some Elementary Ideas in Graphical Mathe- 


snolies ", whisk lnalntad & sural sqmeceth tandd ap deoler 
Monday, 11th November, 1957. Dr. H. O. Foulkes of the University 
Co » Swansea, gave an address on “‘ Some University Entrance Scholar- 
ship Problems in Pure Mathematics " which provoked a lively discussion. 
Monday, 27th January, 1958. Dr. P. White of the University of Reading, 
gave an address entitled “‘ What is the Matter with Negative Mass”, an 
entertaining and instructive talk. 
Monday. 17th March, 1958. Mr. D. G. Kendall of Magdalen College, 
Oxford, gave an address : caeree Senonen 96 Metcanationh Deion 
] consider‘ng first the case of an epidemic in an isolated population and 
ip EN Te ee ee 


W. H. Wriu1ams, Hon. Sec. 








EXETER BRANCH 
REPoRT FoR THE Session 1957 


The Annual General was held on 26th J , 1957. Professor 
“ e we January, 
the Branch on the subject ‘‘ Problems of Inference ”’. 
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Mr. A. P. Rollet was elected President. Other Officers were : Vice-President, 
Professor T. Arnold Brown; Hon. Treasurer, Miss L. G. Button; Hon. 
Secretary, Miss N. A. Comerford. 

Other Meetings for the year were held as follows : 

12th April, 1957. Miss E. O. Wolstenholme on “ Anticipating VI Fora 
Work ’’. This Meeting was held in conjunction with the Institute of Educa- 
tion, University of Exeter. 

17th May, 1957. Mr. J. T. Combridge of King’s College, London, on “ Is 
Mathematics for the Many or the Few? ” 

22nd June, 1957. Dr. H. Martyn Cundy on “‘ The Mathematics of And/or ” 
—an interesting introduction to binary logical units. 

3rd November, 1957. Mr. R. C. Lyness on “‘ Some Top Whole Number 
Problems ”’. 

There are about 50 members of this Branch. Meetings have been well 
attended and a considerable number of students and VI Form visitors have 


been welcome. 
N. A. Comerrorp, Hon, Sec. 


NEW SOUTH WALES BRANCH 
Report For 1957 


During 1957 four meetings of this Branch of the Mathematical Association 
were held. 

In first term, the meeting of 3rd May discussed the Mathematics Examina- 
tion papers set for the 1956 Intermediate and Leaving Certificate Examina- 
tions. 

Two meetings were held in second term. At the first, on 14th June, Pro- 
fessor Bullen, of the Applied Mathematics Department, University of a: 
gave an address on “ The International Geophysical Year”. The second 
meeting was held on 2nd August, when Mr. R. W. Hundt addressed the meet- 
ing on the topic “‘ The Brighter Mathematics Lesson ”’. 

In third term, the meeting planned for 20th September took the form of a 
visit to the Silliac Computer, at the Physics Department, University of 
Sydney. The Branch would like to thank Dr. Bennett and Mr. Williams for 

this most interesting visit. 

The Annual General Meeting was held on Ist November, when Mr. I. 
Kershaw and Mr. B. Mudie led a discussion of the 1955 Leaving Certificate 
Syllabuses in Mathematics I and II (these syllabuses to be reviewed by the 
Mathematics Syllabus Committee in 1958). 

In addition to these Branch meetings, the Executive Committee met 
twice: the meeting of 13th March to arrange meetings for 1957, and the 
meeting of Ist November to make recommendations for Office-Bearers for 


1958. 
A. R. Bunxsr, Hon. Sec. 
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BOOKS FOR REVIEW 


Fraser, D. A. A. Nonparametric Methods in Statistics. Pp. 299. 1957. 688. (Wiley, 3 
New York) x 
Gelfand, I. M., and Neumark, M. A. Unitaire Darstellungen der Klassischen Gruppen. a 
is Pp. 332. e bagat (Akademie-Verlag, Berlin) 


Gliddon, J aa ee Pp. 491. 1956. Ils. 6d. 
(University Genetk Beas 


Goodman, R. Siatistics. Pp. 238. 1957. 7s. 6d. (English Universities Press) 
pconrem R. Precis de Mathematiques Speciales. Pp. 647. 1956. (Libraire Vuibert, : 
is) 
Grenander, Ulf, and Rosenblatt, Murray. Statistical Analysis of Stationary Time Series. 
' Pp. 300. 1957. 88s. 6d. (Wiley, New York) 
Grosche, G. Projektive Geometric. Pp. 204. 1957. DM 10.20. (Teubner, Leipzig) 
Grosche, G. Projektive Geometrie, II. Pp. 196. 1957. DM 9.10. (Teubner, Leipzig) 


Grzegorezyk, A. Zagadnienia Rozstrzygalnosci. Pp. 141. 1957. 
Halmos, R. P. Lectures on Ergodic Theory. Pp. 99. 1956. (Mathematical Society of 








Japan) 

non 7 sian Go Ahead Arithmetic, Book I. Pp. 128. 1957. (University of London 

. Press Ltd.) 

ME Hamilton, E. R. Go Ahead Arithmetic, Book Il. Pp. 128. 1957. 3s. 6d. (University 

[ie of London Press Ltd.) 

| = Hamilton, E. R. Go Ahead Arithmetic, Book III. Pp. 128. 1957. (University of 

it London Press Ltd.) | 
Hieke, M. Vektor Algebra. 1957. DM 9.20. (Teubner, Leipzig) 


: Hislop, J. “0” Level Tests in Algebra, with answers. Pp. 127. 1956. (Methuen) i 
Hund, F. Theoretische Physik. Pp. 300. 1956. (Teubner, Stuttgart) 

















Jacobson, N. Structure of Rings. Pp. 263. 1956. (American Mathematical Society) 
Jeffery, R. L. Trigonometric Series, A survey. Pp. 39. 1956. 20s. (University of 
b Toronto Press) 

| ho gly Das Lebesgue-Stieltjes Integral. Pp. 226. 1956. DM20. (Teubner, 
a3 Erg Kettenbruche. Pp. 96. 1956. DM5.40. (Teubner, Leipzig) 

! Klaf, A. A. Trigonometry refresher for technical men. Pp. 629. 1956. $1.95. (Dover 





! Publications, New York) 
Fag Mg refresher for technical men. Pp. 421. 1956. $1.95. (Dover 
; GETEP E.__Analticke und bonetrubtive Diferential geometric Pp. 191. 1957. 
| ee EAE EO Baer tetas eh eeetats gems. Pp. 322. 
| ARE Teen P ieeions Mires Derfrne. Pp. 329. 1956. Fr. 4.000. 
eee Rann of Pave st Aeetiel.Batiarnstes. Pp. 491. 1956. 56s. 6d.* 


Lefschetz, 8. oe tee ne ee Vol. III. Pp. 285 - 
1957. 32s. (Princeton University Press 


one Elements of Algebra. tage 1956. $3.25. (Chelsea Publishing Co., New 


qiawoet, 2B The Elements of the Theory of Real Functions. Pp. 71. 1957. 9s. 6d. 


Manet, 4. ond Rerveie, ¥. Jubilee of Relativity Theory. Pp. 286. 1956. (Birk- 


Meschkoski, H. W. des mathematischen Denkens. 1 Friedr. 
idan oan Pp. 122. 1956. ( 
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Meyer, C. Die Berechnung Der een. See 
Zahlkorpern. Pp. 132. 1957. DM 29. (Akademie-Verlag, Ber 

Minkowski, H. Approximationen. Pp. 235. no $4.50. (Chelsea 
Publishing Co., New York) 

Montel, P. Lecgons sur les Recurrences et leurs applications. Pp. 268. 1957. Fr. 4.300. 
(Gauthier-Villars, Paris) 

Montgomerie, G. A. Digital Calculating Machines. Pp. 262. 1956. 30s. (Blackie) 

— 8. A text book of Cartesian Tensors. Pp. 160. 1956, Rs. 6/8. (S. Chand 
and Co., Delhi) 

Narayan, 8. Dah of Functions of a Complex Variable. Pp. 380. 1956. Rs. 12/8. (8. 
Chand and Co., Delhi 

Nass, J., hag oe K. Der Begriff des Rawmes in der Geometric, Bericht von der 
Riemann-Tagung des Forschungsinstituts fur Mathematik, Book I. Pp, 317+ viii. 1957. 
(Akademie-Verlag, Berlin) 

Newman, J. R. (Editor), What is Science? Pp. 493. 1957. 21s. (Gollancz) 

Nicolle, J. La symetrie. Pp. 116. 1957. (Presses Universitaires de France) 

Niven, I. Irrational Numbers. Pp. 164. 1956. 24s. (Wiley, New York; Chapman 
and Hall, London) 

N H. M., and Smith, F. W. Mathematics for Electronics with Applications. 
Pp. 391. 1956. 52s. 6d. (McGraw-Hill) 

Nolfi, P. dee und Wahrscheinlichkeit. Pp. 212. 1956. (Griffon, Neuchatel) 

Nye, J. F. Physical Properties of Crystals. Pp. 322. 1957. 50s. (Clarendon Press: 
0.U.P.) 


. am aa A. Theorie der Riemannschen Flachen. Pp. 248. 1957. DM 39.20. (Springer, 
erlin) 

Proceedings of the International Symposium on Algebraic Number Theory. Tokyo and 
Nikko. 1956. Pp. 267. 1956. (Kasai Publishing Co., Tokyo) 

Pugsley, A. The Theory of Suspension Bridges. Pp. 135. 1957. 42s. (Arnold) 

Rademacher, H., and Toeplitz, 0. The Enjoyment of Mathematics. Pp. 205. 19657. 
36s. (Princeton University Press) 

Reichman, W. J. The Fascination of Numbers. Pp. 176. 15s. (Methuen) 

Report of an International Colloquium on Zeta-Functions. Pp. 298. 1956. (Bombay) 

Richter, H. Wahrscheinlichkeits-Theorie. Pp. 435. 1956. (Springer, Berlin) 

Risser, R., and Traynard, C.E. Les Principes de la Statistique Mathematique. Pp. 195. 
1957. Fr.3.500. (Gauthier-Villars, Paris) 
ree Mathematics and Statistics. Pp. 255. 1957. 27s. 6d. 


Saunders, L 
(The siacetadieteat 

Segre, B. iiisimsladdaee atihinineiincaiaies endcammnanaiee Pp. 180. 
1957. DM 36. ” ipsiagee, Berlin) 

Seidenberg, A. An elimination theory for differential algebra. Pp. 34. 1956. 75 cente. 

Shamos, M., Gaus G. Recent Advances in Science. Pp. 384+ vii. 1956. $7.50. 
(Interscience Publishers 

Simon, H. A. Metts @ lien. Pp. 287. 1957. 40s. (Wiley, New York) 

Sneddon, I. A. Elements of Partial Differential Equations. Pp. 327. 1957. 56s. 6d. 
(McGraw-Hill) 

Spencer-Brown, G. Probability and Scientific Inference. Pp. 154. 1957. 15s. (Long- 
mans) 

Stibitz, G., and Larrivee, J. Mathematics and Computers. Pp. 228. 1957. 37s. 6d. 

J. L. The Hypercircle in Mathematical Physics. Pp. 424. 1957. 70s.. (Cam- 
University Press) 

von Sanden, H. Darstellende Geometrie. Pp. 115+40. 1956. (Teubner) 

Wi ae, ted 353. 1957. 55s. (D. van Nostrand Co. Inc., 
New Pe ge ng oeh a i 

Webb, H. A. ot hime. © A Mathematical Tool-Kit for Engineers. Pp. 70° 
1957. 10s. (Longmans) 
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Weiler, H. Mechanics. Pp. 521. 1957. 25s. (Pitman) 

Wijdened, P. Middel-Algebra. Pp. 419. 1957. (P. Noordhoff N.V.; Groningen) 

Wright, von G. H. The Logical Problem of Induction. Pp. 249. 1957. 268. (Black- 
well) 


Yano, Kentaro. The Theory of Lie Derivatives and its Applications. Pp. 299. 1956. 
30.50 guilders. (North-Holland Publishing Co.) 


Achieser, N. I. Theory of Approximation. Pp. 307. 1958. 40s. (Constable) 

fee SO Fy IRONS F- Statistics—a new approach. Pp. 646. 1957. 50s. 
(Methuen) 

Arzelies, H. La Dynamique Relativiste et ses applications. Pp. 304. 1957. Fr. 4.000. 
(Gauthier-Villars, Paris) 

Backhouse, J. K., and Houldsworth, 8. P. T. Pure Mathematics. 1957. 12s. 6d. 


(Longmans) 
Berg-sonne, N. Plane Co-ordinate Geometry and Trigonometry. Pp. 130. 1957. 
(Witwatersrand University Press, Johannesburg) 
Booth, K. H. V. Programming for an automatic digital calculator. Pp. 238. 1958. 
42s. (Butterworths Scientific Publications) 
— Vector Analysis. Pp. 282. 1957. 48s. (Wiley, New York ; Chapman and 


qa Nuclear Stripping Reactions. Pp. 130. 1957. 65s. 
Pitman 


Cherubino, 8. Calcolo Delle Matrice. Pp. 320. 1957. (Edizioni Cremonese, Rome) 


Cochran, W. G., and Cox, G.M. Hzxperimental Designs. Pp. 611. 82s. 1957. (Wiley, 
New York ; Chapman and Hi:il) 


Connolly, T. G., and Sluckin, W. Statistics for the Social Sciences. Pp. 166. 1957. 
16s. (Cleaver-Hume Press Ltd.) 


Coxeter, H.S.M. Non-Huclidean Geometry. Pp. 309. 45s. 1957. (Toronto, Univer- 
sity Press; London, C.U.P.) 

Coxeter, H. 8. M., and Moser, W. 0. J. Generators and Relations for Discrete Groups. 
Pp. 155. 1957. DM32. (Springer, Berlin) 

Cullwick, E.G. Hlectro-Magnetism and Relativity. Pp. 299, 1957. 63s. (Longmans) 


Deaux, R. Introduction to the Geometry of Complex Numbers. 208. 1958. 37s. 6d. 
(Constable) 4 ~ 


Dickson, L. E. Introduction to the theory of numbers. 183. 1957. $1.65 paper 
bound. (Dover Publications, New York) d en 7 


Dirac, P. A.M. The Principles of Quantum Mechanics. 312. 1957. Claren- 
don Press: 0.U.P.) ¢ 7 igs 


a R. P. Initiation a la Logique. Pp.89. 1957. Fr.1400. (Gauthier-Villars, 


H.B. Tables of Integrals and Other Mathematical Data. Pp. 288. 1957. 2ls 
(the Meswaton Co., Mon Senkt conf 


Edmonds, A. R. Angular Momentum in Quantum Mechanics. 146. 1957. 30s. 
(Princeton University Press) ™ 7” 
Eggleston, H.G. Converity. Pp. 136. 1958. 2ls. (C.U.P.) 
H. G. Problems of Euclidean Space. Pp. 165. ; 
—e of pace. Pp. 165. 1957. 40s. (Pergamon 


Pelix, L. L’ Moderne des M iques. oil 1957. Fr. Librairie 
tip Fg < segraasueen epmeedame Fr. 800. ( 


Feller, W. An Introduction to ility Theory and its Applications. . 461. 1957. 
86s. (Chapman and Hall; Wiley, New York) ™ 


Ferrar, W.L. Algebra. Pp. 220. 1957. 17s. 6d. (O.U.P.) 
Fischer, 0. PF. Five Mathematical Structural Models. 412. 1957. $10. (Axion 
} Pp. $10. ( 
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Fox, L. The Numerical Solution of Two-Point Boundary Problems in Ordinary Dif- 
ferential Equations. Pp. 371. 1857. 60s. (Clarendon Press: 0.U.P.) 

Geary, A., Lowry, H. V., and Hayden, H. A. Mathematics for Higher National Certificate. 
Pp. 336. 1957. 15s. (Longmans) 

Gimarlis, J. A Piggy Aisa cp ae ag ton Pp. 256. 1957. 8s. 6d. (Harrap) 

Goodstein, R. L. Recursive Number Theory. Pp. 190. 1957. 18 guilders. (North- 
Holland Publishing Co., Amsterdam) 

Gould, 8. H. Variational Methods for Eigenvalue Problems. Pp. 179. 1957. 48s. 
(University of Toronto Press) 

Grenander, U., and Szego, G. Toeplitz Forms and their Applications. Pp. 244. 1958. 
45s. (University of California Press) 

Hamilton, E.R. Go Ahead Arithmetic. Answers to Book 3. Pp. 30. 1957. 2s. (Uni- 
versity of London Press) 

Hesse, K. A. The Four Rules of Measurement. Pp. 70 (Teachers) 62 (Pupils). 1958. 
6s. 2s. 6d. (Longmans) 

Hille, E., and Phillips, R. 8. Functional Analysis and Semi-Groups. Pp. 808. 1957. 
(American Mathematical Society) 

Hislop, J. A New Certificate Arithmetic. Pp. 236. 1957. (Methuen) 

Hofmann, J. .E. Geschichte der Mathematik, I, Il, II. Pp. 200, 109+16, 107 +16. 
1957. DM 2.40. each. (Walter de Gruyter, Berlin) 

Hogben, L. Statistical Theory. Pp. 510. 1957. 45s. (Allen and Unwin) 

Johnson, N.L. Statistical Exercises. Pp. 107. 1957. (University College, London) 

Jordan, C. Traite des Substitutions. Pp. 664. 1957. Fr. 7.500. (Librairie Scientifique 
Albert Blanchard, Paris) 

Kaplansky, I. An Introduction to Differential Algebra. Pp. 62. 1957. Fr. 800. (Her- 
mann, Paris) 
Pe i K. Funktionentheorie. Pp. 144+16. 1957, DM 2.40. (Walter de Gruyter, 
a R. Determinanten und Matrizen. Pp. 144. 1957. 6.60 DM. (Teubner, 

ipzig) 
tg F. Differentialgeometrie. Pp. 420. 1957. (Akademische Verlagsgesellschaft, 

ipzig) 

Krzyzanski, M. Rownamia Rozniczkowe Czastkowe Rzedu Drugiego, 1. Pp. 616. 1957, 
(Biblioteka Mathematyczna) 

Kurth, R. The Mechanics of Stellar Systems. Pp. 174. 1957, 55s. (Pergamon Press) 

Lanczos, C. Applied Analysis. Pp. 539. 1957. 55s. (Pitman) 

Landshoff, BR. K.M. Magnetohydrodynamics. Pp. 115. 1957. 32s. (Stanford Univer- 
sity Press; London, 0.U.P.) 
wae F. Teoria Funkeji Analytycznych. Pp. 558. 1957. (Biblioteka Matematyczna, 

arsaw) 

Lowry, H. V., and Hayden, H. A. Advanced Mathematics for Technical Students, Part 
Il. Pp. 422. 1957. 21s. (Longmans) 

Luce, R. D., and Raiffa, H. Games and Decisions. Pp. 509. 1957. 70s. (Chapman 
and Hall; Wiley, New York) 

Lugowski, Weinert. Grundzuge der Algebra. Pp. 234. 1957. DM 10. (Teubner, Leipzig) 

McCracken, 8. D. ore Pp. 253. 1957. 62s. (Wiley, New 
York ; Chapman and 

Maxwell, E. A. ana PE Pp. 336. 1958. 25s. (0.U.P.) 

Maxwell, E. A. An Analytical Calculus for School and University. Pp. 288. 1957. 
22s. 6d. (0.U.P.) 

Mandl, F. Quantum Mechanics. Pp. 267. 1957. 35s. (Butterworths Scientific 
Publications) 

Meetham, A. R. Basic Physics. Pp. 144. 1958. 21s. (Pergamon Press) 

Menninger, K. Zahlwort und Ziffer, I. Pp. 221. DM 16.80. 1957. (Vandenhoeck 
and Ruprecht, Gottingen) 
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Mikhlin, 8. G. Integral Equations. Pp. 338. 1957. 80s. (Pergamon Press) 

Mikusinski, J. Rachunek Operatorow. Pp. 274. 1957. (Warsaw) 

Mises, Richard von. Probability Statistics and Truth. Pp. 244. 1957. 28s. (Allen 
and Unwin) 

Morris, I. H. Geometrical Drawing for Art Students. Pp. 227. 1958. (Longmans) 

Murdoch, D.C. Linear Algebra for Undergraduates. Pp. 239. 1957. 44s. (London, 
Chapman and Hall; New York, Wiley) 

— I. P. Theory of Functions of a Real Variable. Pp. 277. 1958. 40s. (Con- 
stable) 

Nidditch, P. H. I Pree 100) Formal Logic of Mathematics. Pp. 188. 1957. 12s. 6d. 
( University Tutorial Press Ltd. 

Observation and icone A Symposium of Philosophers and Physicists. Pp. 218. 
1957. $8.00. (Butterworths Scientific Publications) 

Ore, 0. Niels Henrik Abel. Pp. 277. 1957. 45s. (Minnesota, University Press ; 
London, 0.U.P.) 

Paradine, C. G., and Thomas, C. General School Mathematics, Vol. 3. 18. 1957. 
9s. 6d. with answers, 8s. 6d. without answers. (English Universities Press Ltd.) 

Pearson, G. Geometrical Drawing. Pp. 128. 12s. 6d. 1957. (O.U-.P.) 

Pedoe, D. Circles. Pp. 78. 1957. 20s. (Pergamon Press) 

Piccard, 8. Sur les Bases des Groupes D’Ordre Fini. Pp. 242+ viii. 1957. (Neuchatel, 
Secretariat de L’ Universite) 

Prachar, K. Primzahlverteilung . +415. 1957. DM 58. (Springer-V . 

Pp. x+ (Springer-Verlag 

on* A., and Ramsey, A. R. D. Elementary Mechanics. Pp. 269. 1957. 14s. 

Racine, C. Introduction to Abstract Algebra. Pp. 194+3. 1957. Rs. 6. (Central Art 
Press, Madras) 

Rainsford, H. F. Survey Adjustment and Least Squares. Pp. 326. 1957. 50s. (Con- 


stable) 

Resnikoff, G. J., and Lieberman, G. J. ee te Pp. 389. 

1957. 100s. (atiahoed Univer Pras 0.U. 

Riemann, B. Collected Works, edited by H. Weber. Pp. 558+116. 1957. 238. (Dover 

Publications, New York) 

Risser, R., and C.E. Les Pri de la Statistique Mathematique. 418. 

1958. rig ee ‘aeVitern Perey re 

Robin, L. na og > ge tes Fonctions Spheroidales, 1. 201. 

1957. rts “a 
Rose, M. E. Elementary Angular Momentum. 248. 1957. 80s. 

(Wap tee Youn Chapetan end Ho London) x thar 

Schneider, T. Hinfuhrwng in die Transzendenten Zahlen. 150. 1957. DM 21.60. 

(Springer, Berlin) = 

—— P. A History of Mathematics. Pp. 266. 1957. 3 Guineas. (Taylor and 


Shotton, A. C. Worked Examples in Electrotechnology. Pp. 240. 1957. 12s. 6d. 


(Harrap) 
W. A du Continu. ‘ i 95. Pu i 
Co. How Yack) ypothese Pp. 274. 1957. $4.95. (Chelsea Publishing 


Slater, N. B. The and Meani Eddington’s Fundamental Theory. 
Pp.299. 1957. 40s. (C.UP.) rtd tits 


Smart, W.M. Combination of Observations. Pp. 253. 1958. 35s. (C.U.P.) 
Spain, Harry. Analytical Conics. Pp. 143. 1957. (Pergamon Press) 
we G. Introduction to Riemann Surfaces. Pp. 307. 1957. (Academic Book, 


— Understanding Arithmetic. Pp. 264. 1957. $4.75. (Rinehart, New 




















eT 


Yc ieee nae BN ata, 


ue 








— 





BOOKS FOR REVIEW 175 


R. M., and Tornheim, L. Vector Spaces and Matrices. Pp. 318. 1957. 54s. 

(Wiley, New York ; Chapman and Hall, London) 

Tranter, C.J. Techniques of Mathematical Analysis. Pp. 396. 1957. 27s. 6d. (The 
English Universities Press) 

Tresse, A. Theorie Elementaire des Geometries non Euclidiennes. Pp. 150. 1957. 
Fr. 2.500. (Gauthier-Villers, Paris) 

Tuckey, C. 0., and Armistead, W. Algebra. Pp. 402. 1958. (Longmans) 
Pa 8. A. Solution of Problems in Strength of Materials. Pp. 406. 1957. 20s. 
(Pitman) 

Wald, A. Selected Papers in Statistics and Probability. . 702. 1957. 80s. (Stanford 
University Press ; London, 0.U.P.) * 

Walfisz, A. Gitterpunkte in Mehrdimensionalen Kugeln. Pp. 471. 1957. (Warsaw) 

Walker, A., and Mollar, J. A New Course in Arithmetic, Parts I and II. Pp. 160 and 
255. 1957. 5s. 6d. and 6s. 6d. (Longmans) 

Walker, R. Numerical Trigonometry. Pp. 184. 1957. 8s. 6d. (Harrap) 

Whitney, H. Geometric Integration Theory. Pp. 387. 1957. 68s. (Princeton Univer- 
sity Press ; London, 0.U.P.) 

Wooster, W. A. Hzxperimental Crystal Physics. Pp. 115. 1957. 18s. (Oxford, 
Clarendon Press) 

Zurmuhl, R. Praktische Mathematik fur Ingenieure und Physiker. Pp. 524. 1957. 
DM 28.50. (Springer, Berlin) 


FOR SALE 

Mathematical Gazette : Vol. 28, No. 281 to Vol. 41, No. 336. 
(Offers c/o Dr. R. C. H. Tanner, Imperial College, 8.W.7.) 

Mathematical Gazette : Nos. 331-336. 
(Offers to L. A. W. Jones, Berkhampstead School, Herts.) 

Mathematical Gazette: Vol. 31, No. 293 to Vol. 41, No. 338 (with indexes). 

Mathematical Association Reports for 1949-1957. 

Hall and Knight’s Higher Algebra (1907), with key (1905). 

Loney’s Plane Trigonometry (Parts I and II, 1915), with key to Part I. 
(Offers to J. W. Lewis, 33 Salisbury Road, Herne Bay, Kent.) 


WANTED 
Universal Arithmetic. By Isaac Newton. Translated by Raphson. 
(R. M. Walker, Witwatersrand University, 8. Africa.) 
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COLLEGIATE 
FACULTY OF EDUCATION 





Maruemarticians and Headteachers of Secondary Schools are 
invited to 
THE ROBERT RECORDE MEMORIAL COURSE 

to be held at Trinity College, Carmarthen, July 18-20, 1958. 

This week-end course, extending from Friday evening to 
Sunday morning and held in a very attractive part of Wales, 
will contain lectures on the history of mathematics by eminent 
mathematicians and teachers of mathematics. 

Further particulars may be obtained from The Advisory 
Officer, Faculty of Education, 9 Marine Terrace, Aberystwyth. 
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THE ENJOYMENT OF MATHEMATICS 


Selections from MATHEMATICS FOR THE AMATEUR by 
Hans and Otto Toeplitz 
Translated by HERBERT ZUCKERMAN 
mathematical background than most acquire at 
- re sa to some of the fundamental ideas of mathematics, 


See et aie eas eine cel ee ee University 
Press) 32s. net. 


OXFORD UNIVERSITY PRESS. 
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Demy 8vo. Cloth-bound. viii+ 104 pp. 21s. net 
| AXIOMATIC PROJECTIVE GEOMETRY 

by R. L. Goopstein & E. J. F. PRIMROSE 


| “The authors ha ar tage Cp rene nan pletion. aye the subject can be developed 
| dqssently end chaque, ebiie while keeping the arguments at an mg af 


The Mathematical Gazette 
Demy 8vo. Cloth-bound xi+ 140 pp. 15s. net 
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CALCULUS 
Volumes | and Il 


By D. R. Dickinson, M.A., Ph.D., Head of the Mathematics 
Department, Bristol Grammar School. 


The author has provided a course in Calculus which may 
be studied by the pupil with a minimum of help and guid- 
ance from the teacher. The time that can be devoted by 
the teacher to the Mathematics specialist being often 
severely limited, this textbook should therefore be a 
valuable addition to what can be accomplished in the class- 
room. 

While concerned primarily with manipulative tech- 
niques the treatment is sufficiently rigorous to meet all 
present-day requirements. The first volume covers ‘A ’”’ 
Level G.C.E. syllabuses and most scholarship syllabuses, 
and it will be found that a minimum ‘‘ A ”’ Level course 
can be isolated from the text with little loss of continuity. 

In the second volume the author has continued the study 
of the calculus up to—and in the later chapters—some- 
what beyond the level required for all scholarship exam- 
inations. These later chapters have been added to in- 
crease the general utility of the book and to make it 
suitable for a first course at University level. At the same 
time topics have been chosen which may profitably be 
studied by successful candidates during the period between 

aining admission and entering a University. 
ly April Volume |, about I6s. 6d. 
Ready June Volume Il, about 13s. 6d. 


NUMERICAL TRIGONOMETRY 
By R. Walker, M.A., Senior Mathematics Master at Stowe. 


** Numerical Trigonometry will be of interest to teachers 
wanting to introduce the subject early in their course. 
Early chapters are independent of the use of logarithms and 
are so arranged that either the sine or the tangent ratio 
can be taken first. Diagrams are clear and both worked 
examples and exercises plentiful. Tables and answers are 
provided as well as sufficient material in a last chapter to 
cover the requirements of pupils taking additional mathe- 
matics.”"—The Higher Education Journal. 8s. 6d. 


GEORGE G. HARRAP & CO. LTD 
182 High Holborn London W.C.! 























































DENT 
CALCULUS AND CO-ORDINATE 
GEOMETRY 
By R. L. BOLT, MSc. 

Cloth Boards 10s. 6d. 208 pages Demy 8vo 
st roe bs bre sated coe rm cesta 


additional mathematics papers. It is well written, beautifully printed, and 

4 sradients, sample dif : nS bees bn, the aright tne, the 
leren 

= i areas and volumes of revolution. The abler 


maxima and minima, 
pupils of the Fifth Forms would find in it a most useful preparation for Sixth 
Form work.” —A.M.A. 
OTHER BOOKS BY R. L. BOLT, M.Sc. 


DIFFERENTIAL EQUATIONS FOR SIXTH FORMS 





48 pp. 2s. 6d. 
REVISION EXAMPLES IN ALGEBRA 72 pp. 2s. 6d. 
REVISION EXAMPLES IN ARITHMETIC 48 pp. 2s. 3d. 
REVISION EXAMPLES IN GEOMETRY 80 pp. 2s. 6d. 

By 

A. M. BOZMAN, M.A. 

A SCHOOL ALGEBRA. 480 pp. 

Without Answers 6s. 6d. With Answers 7s. Od. 


or in two parts 
Part I. Without Answers 4s. Od. With Answers 4s. 3d. 
Part II. Without Answers 4s. 3d. With Answers 4s. 6d. 


A SCHOOL ARITHMETIC 
Part I. Without Answers 4s. 6d. With Answers. 4s. 9d. 
Part II. Without Answers 4s. 3d. With Answers 4s. 6d. 


10-13 BEDFORD ST., LONDON, W.C.2. 























A SERIES WHICH WILL INTEREST YOUR PUPILS IN MATHEMATICS 





DAILY LIFE MATHEMATICS 


by P. F. BURNS, B.S., F.R.A.S. 


A four-year course for secondary schools 
designed for interest, usefulness and continuity 


BOOK ONE 288 pages 10s, Od. 
BOOK TWO 256 pages 10s. Od. 
BOOK THREE 224 pages 10s. Od. 
BOOK FOUR 256pages 10s. Od. 
Answers to each book each Is. 6d. 
Notes for Teachers 1s. 6d. 


enough material in Books One and 
Two, while for the average and 
brighter pupils the full four-year 

i Grammar and 


course is suitable. 

Technical School pupils will not need 
the revision provided in Book One; 
they will find the integrated course in 
Books Two, Three and Four a sound 
basis for the more formal study of 
trigonometry, geometry and algebra 


Published by 


18 BEDFORD ROW 
LONDON W C1 


needed for General Certificate of 
Education examinations. Mathe- 
matics is treated as one subject and 
continuity is preserved throughout 
the four years’ work. 

The pupils’ interest is aroused by 
the study of some topics of everyday 
life which involve simple applications 
of other branches of mathematics. 





To: GINN AND COMPANY LTD 
18 BEDFORD ROW 
LONDON, W.C.1 
Please send a loan copy of Daily 
Life Mathematics Books 1...... 
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A First Course in 
Statistics 


R. LOVEDAY, M.Sc., F.I.S. 


Lecturer in Mathematics and Statistics at Kingston-on-Thames 
Technical College; lately Head of the Mathematics 
Departments, Raynes Park County Grammar School. 


Tue value of Statistics as a school subject is now widely recog- 
nised. The examining boards of Cambridge, London and the 
Northern Universities all offer syllabuses in the subject, and the 
numbers taking papers at “O” level are growing. The subject is 
within the grasp of the non-mathematically minded ; its close- 
ness to life appeals to boys and girls alike ; it is an excellent link 
text-book presents Statistics up to “O” level. The author has 
been a pioneer teacher and examiner in the subject and his 
course will without doubt help to make it more widely taught. 
It is clear, short and concise, strictly serving classroom needs 
and covering the requirements of examination syllabuses. 

Ready Summer 1958 About 8s. 6d. 
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A First Course in 
Statistics 


R. LOVEDAY, M.Sc., F.I.S. 


Lecturer in Mathematics and Statistics at Kingston-on-Thames 
Technical College; lately Head of the Mathematics 
Departments, Raynes Park County Grammar School. 


THE value of Statistics as a school subject is now widely recog- 
nised. The examining boards of Cambridge, London and the 
Northern Universities all offer syllabuses in the subject, and the 
numbers taking papers at ““O”’ level are growing. The subject is 
within the grasp of the non-mathematically minded ; its close- 
ness to life appeals to boys and girls alike ; it is an excellent link 
subject, for example with Geography and History. This class 
text-book presents Statistics up to “‘O” level. The author has 
been a pioneer teacher and examiner in the subject and his 
course will without doubt help to make it more widely taught. 
It is clear, short and concise, strictly serving classroom needs 
and covering the requirements of examination syllabuses. 


Ready Summer 195% About 8s. 6d. 


CAMBRIDGE UNIVERSITY PRESS 
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The Teaching of 


Arithmetic 
in Primary Schools 


By L. W. DOWNES and D. PALING 
Lecturers at St. Luke’s College, Exeter 


516 pages. 15s. net 


Messrs. Downes and Paling were commissioned by 
UNESCO to write this book as one of a series dealing with 
the teaching of Science and Mathematics in schools. Though 
the series in general is intended for use in tropical countries, 
this volume on arithmetic is particularly relevant to the 
present nation-wide drive to improve the general standard 
of Mathematics in the U.K. For this reason it has been 
issued in a special edition for the home market. 

The book has been written for the teacher in the class- 
room. It sets out in great detail the many ways in which 
children can be helped to learn and like Mathematics. The 
book puts great emphasis upon the need for ensuring that 
the children understand what they are doing. It suggests 
detailed ways in which the work can best be organised and 
gives the teacher practical help in the making and compila- 
tion of teaching aids, There are over 200 illustrations, dia- 
grams and charts. 


Above all the book tries to avoid vague generalisations. 


A copy of this book will be sent for examination 
to teachers who would like a chance of seeing it. 


OXFORD UNIVERSITY PRESS 
EDUCATION DEPARTMENT - OXFORD 
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Just published 


CLASSBOOK OF ARITHMETIC 
AND TRIGONOMETRY 


by S.F. TRUSTRAM, M.Sc., Principal, Salisbury &S. Wilts College of 
Further Education, and H. WHITTLESTONE, B.Sc., formerly Senior 
Mathematics Master, Grammar School, Normanton. Complete I/s., 
with answers, 12s. 6d. Also in two parts. Teacher’s Notes and Ans- 
wers. 7s. 6d. net. 


This new book follows the lines of the highly successful Classbook 
of Algebra, by S. F. Trustram. It consists mainly of examples 
which are carefully graded, and each new development is preceded 
by leading questions wherein the fresh topic is analysed so that 
progress may be based upon previous knowledge. Adequate 
attention is given to drill in fundamental processes, and a special 
feature of the book is the wealth of examples provided to over- 
come the routine difficulties which so often render fresh advances 
unnecessarily difficult. 

The book covers fully the arithmetical topics and trigonometry 
required for the G.C.E. Ordinary level papers of the various 
examining boards. 


Already in wide demand 


CERTIFICATE MATHEMATICS 


by C. V. DURELL, M.A. Vol 1. 8s. 6d. Vol 11. 8s. 9d. Vols. IIIA, 
111B, IVA, IVB. 9s. each. All volumes 9d. extra with answers 


This new definitive course of unified mathematics is derived 
from the author’s original General Mathematics, but there are, 
especially in the later volumes, substantial changes of order, 
treatment and subject matter. Fresh material has been intro- 
duced in order to meet all the requirements of the various exami- 
nation syllabuses at “ O ” level, while some topics and processes 
not required in the examinations have been excluded. 

CERTIFICATE MATHEMATICS is arranged to provide two 
distinct courses. Volumes I and II are common to each course, to 
be followed by Volumes IIIA and IVA for the ordinary syllabus, 
or Volumes IIIB and IVB for the alternative syllabus. 





PRINTED IN GREAT BRITAIN BY ROBERT MACLEHOSE AND CO. LTD 
THE UNIVERSITY PRESS, GLASGOW 








